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The difference of the values of observables for the time-independent Schrédinger
equation, with matrix-valued potentials, and the values of observables for ab initio
Born-Oppenheimer molecular dynamics, of the ground state, depends on the probabil-
ity to be in excited states, and the electron/nuclei mass ratio. The paper first proves an
error estimate (depending on the electron/nuclei mass ratio and the probability to be in
excited states) for this difference of microcanonical observables, assuming that molecu-
lar dynamics space-time averages converge, with a rate related to the maximal Lyapunov
exponent. The error estimate is uniform in the number of particles and the analysis does
not assume a uniform lower bound on the spectral gap of the electron operator and con-
sequently the probability to be in excited states can be large. A numerical method to
determine the probability to be in excited states is then presented, based on Ehrenfest

molecular dynamics, and stability analysis of a perturbed eigenvalue problem.

1 Motivation for Error Estimates in ab initio Molecular Dynamics

Molecular dynamics is a computational method to study molecular systems in materials
science, chemistry, and molecular biology. The simulations are used, for example, in
Received July 30, 2014; Revised April 28, 2015; Accepted July 7, 2015

© The Author(s) 2015. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permissions@oup.com.



2 C. Bayer et al.

designing and understanding new materials or for determining biochemical reactions
in drug design [14].

The wide popularity of molecular dynamics simulations relies on the fact that
in many cases it agrees very well with experiments. Indeed when we have experimen-
tal data it is often possible to verify the correctness of the method by comparing with
experiments at certain parameter regimes. However, if we want the simulation to pre-
dict something that has no comparing experiment, we need a mathematical estimate of
the accuracy of the computation. In the case of molecular systems with few particles,
such studies are made by directly solving the Schrodinger equation. A fundamental and
still open question in classical molecular dynamics simulations is how to verify the
accuracy computationally, that is, when the solution of the Schrédinger equation is not
a computational alternative.

The aim of this paper is to determine quantitative error estimates for molecular
dynamics, including the case with nearly crossing electron potential surfaces that can
yield large errors, without solving the Schrodinger equation but by combining mathe-
matical stability analysis of eigenvalue problems with quantitative numerical Ehren-
fest molecular dynamics computations of perturbations. Having molecular dynamics
error estimates opens, for instance, the possibility of systematically evaluating which
density functionals or empirical force fields are good approximations and under what
conditions the approximation properties hold. Computations with such error estimates
could also give improved understanding of when quantum effects are important and
when they are not, in particular in cases when the Schrédinger equation is too compu-
tationally complex to solve.

The first step to check the accuracy of a molecular dynamics simulation
is to know what to compare with. Here we compare the value of any observable
g:R3¥ R, of nuclei positions X, for the time-independent Schrodinger eigenvalue
equation, H® = E®, with the corresponding molecular dynamics observable, defined by
a Hamiltonian H, the wave function @ : R3¥ — C”7, and the eigenvalue E € R. The approx-
imation error we study is therefore the microcanonical setting

Jraw (@(X), g(X)® (X)) dX 1

T
Jraw (®(X), ®(X)) dX _TILIIJO?/O 9(Xy) dt, (1)

based on a molecular dynamics path X;, with total the energy equal to the Schrodinger
eigenvalue E. The inner product (-,-) is defined in C’, where ® € C’ corresponds to J
discrete (electron) states. The observable can for instance be the local potential energy,

used in [47] to determine phase field partial differential equations from molecular
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dynamics simulations. For the sake of simplicity, we first explain the basic idea for
observables depending only on position variables X. The general case of position and
momentum dependent observables is treated in Section 2 using the Weyl quantization.
The time-independent Schrodinger equation has a remarkable property of accurately
predicting experiments in combination with no unknown data, thereby forming the
foundation of computational chemistry. However, the drawback is the high-dimensional
solution space for nuclei-electron systems with several particles, restricting numeri-
cal solution to small molecules. In this paper, we study the time-independent set-
ting of the Schrodinger equation as the reference. The proposed approach has the
advantage of not requiring any initial data as input, on the other hand, an assump-
tion on convergence rates of time averages of molecular dynamics observables is
needed.

The second step to check the accuracy is to derive error estimates. We have three
types of error: time discretization error, sampling error, and modeling error. The time
discretization error comes from approximating the differential equation for molecular
dynamics with a numerical method, based on replacing time derivatives with differ-
ence quotients, and time steps At. The sampling error is due to truncating the infinite
T and using a finite value of T in the integral in (1). The modeling error (also called
coarse-graining error) originates from eliminating the electrons in the Schrédinger
nuclei-electron system and replacing the nuclei dynamics with their classical paths;
this approximation error was first analyzed by Born and Oppenheimer in their seminal
paper [4].

The time discretization and truncation error components are in some sense sim-
pler to handle by comparing simulations with different choices of At and T, although
it can, of course, be difficult to know that the behavior does not change with even
smaller At and larger T due to metastability, see [7, 31]. The modeling error is more
difficult to check since a direct approach would require to solve the Schrédinger
equation. Currently, the Schrodinger partial differential equation can only be solved
with few particles, therefore it is not an option to solve the Schrodinger equation in
general. The reason for using molecular dynamics is precisely to avoid solving the
Schrodinger equation. Consequently, the modeling error requires mathematical error
analysis. Egorov’s theorem, cf. [5, 38], provides such error estimates and is used also
here. However, in the literature there seems to be no error analysis that is precise, sim-
ple, and constructive enough so that a molecular dynamics simulation can use it in
practice to assess the modeling error also in the case when the electron operator has

eigenvalues (i.e., potential surfaces) which are not well separated and may cause large
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modeling error. For instance, crossing eigenvalue surfaces can form so-called conical
intersections, which provide the mechanism for many chemical reactions, see [44, 48].
If the excited electron energy levels are well separated from the ground state energy,
molecular dynamics based on the ground state energy is a good approximation, as first
analyzed by Born and Oppenheimer [4]. On the other hand, in a quantum system with
two electron energy levels that are not well separated, the dynamic transition prob-
ability from one state to the other state for a moving particle can be substantial, as
determined by Landau [28] and Zener [50], and generalized to a similar dynamic case in
two space dimensions in [27]. We denote the transition probability to go from the ground
state to excited states for a time-dependent problem “dynamic transition probability”,
as in the Landau-Zener model, to distinguish it from the “probability to be in excited
states” for the time-independent Schrodinger eigenvalue problem.

Our alternative error analysis presented here relates computable dynamic tran-
sition probabilities to the probability to be in excited states for the time-independent
Schrodinger equation and is developed with the aim to give a different point of view
that could help to construct algorithms that estimate the modeling error in molecular
dynamics computations. Our analysis differs from previous ones by combining analyti-

cal estimates with computations and it is based on three main steps:

— analyzing the time-independent Schrodinger equation as the reference
model, including excited electron states with near crossing potential sur-
faces and the accuracy of observables as a function of the probability to be
in excited states (in Section 2),

— studying stochastic molecular dynamics, constrained to the manifold of con-
stant energy, based on small stochastic perturbations of the standard Born-
Oppenheimer Hamiltonian dynamics,

— wusing stability analysis of a perturbed eigenvalue problem to estimate the
probability to be in excited electron states, based on perturbations related
to (Landau—Zener like) dynamic transition probabilities (in Section 3),

— applying Ehrenfest molecular dynamics to computationally estimate the

dynamic transition probabilities (in Section 4).

The estimation method is tested on one- and two-dimensional problems but to conclude
how useful the method is for realistic chemistry problems will require more work.
The next section introduces the Schrodinger and molecular dynamics models

and ends with a more detailed outline.
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1.1 The Schrodinger and molecular dynamics models with an outline of the main results

In deriving the approximation of the solutions to the full Schrodinger equation, the
heavy particles are often treated within classical mechanics, that is, by defining the
evolution of their positions and momenta by equations of motions of classical mechan-
ics. Therefore, we denote by X;: [0, o0) — R3Y the time-dependent function of the nuclei

positions, with time derivatives denoted by

Todr YT A

We denote the Euclidean scalar product on R3¥ by

N 3
X-y=> > XV

n=1 i=1
Furthermore, we use the notation Vi (X) = (Vx ¥ (X), ..., Vxvy (X)), and as cus-
tomary Vx«y = (dxp¥, dxpVr, dxp ). The notation ¥ (X) = O(M %) is also used for complex-
valued functions, meaning that |y (X)| = O(M~%) holds uniformly in X for ¥ (X) € C’.

The time-independent Schrodinger equation
HX)®(X)=E®(X) (2)

models many-body (nuclei-electron) quantum systems and is obtained from minimiza-
tion of the energy in the solution space of wave functions, see [2, 6, 30, 39, 40, 43]. It is
an eigenvalue problem for the energy E € R of the system, described by the Hamiltonian
operator ﬁ(X)

. 1 v
HX) =V(X) — EM—ll Z Axn, (3)
n=1

where I denotes the J x J identity matrix, and by the wave functions, @(X), belong-
ing to a set of permissible electron states which we assume, for simplicity, to be finite,
@(X) € C’/. We use a normalized solution [p. [®(X)|* dX =1 and without loss of general-
ity we assume that all nuclei have the same mass M. If this is not the case, we can intro-
duce new coordinates Mll/szkz M;/ZX’C, which transform the Hamiltonian to the form
we want V(MII/ZM‘l/Zfo —(2M)7 I ZkNZI A In computational chemistry, the electron
operator Hamiltonian V, is independent of M and it is precisely determined by the sum
of the kinetic energy of electrons and the Coulomb interaction between nuclei and elec-
trons. The wave function is then in a subspace of L?(dXdx), with electron coordinates x,
see [30]. By introducing a finite-dimensional basis {¢;}?" , of the electron solution space,

minimization of the energy [pon [ (X, x)*(V(X) — MY ) | Ax:)® (X, x) dxdX under
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the constraint fRSN fRn @ (X, x)®(X,x)*dxdX =1 leads to the eigenvalue problem (2) for
the solution @ (X, x) = ZJJ':1 @;(X)¢j(x), with the J x J matrix V:=S5"! V defined by the
matrix components S;; := [, $i(¥)¢;(x)* dx and V;; := [, V(X, x)¢;(x)¢j(x)* dx. To be able
to compute with several electrons, that is, n/3 > 1, the electron solution space is often
simplified in the form of Hartree—Fock or density functional approximations, which also
lead to eigenvalue problems which now are nonlinear, see [30]. We assume that the elec-
tron operator V(X) is linear and self-adjoint, in a finite-dimensional complex-valued
Euclidian space C’ (for simplicity), with the usual inner product (-,-), and acts as a
matrix multiplication. An essential feature of the partial differential equation (2) is the
high computational complexity of finding the solution in a subset of the Sobolev space
H!'(R3*N)7, The mass of the nuclei, M, are much greater than 1 (electron mass).

In contrast to the Schrodinger equation, a molecular dynamics model of N
nuclei X : [0, co) — R3V, with a given potential V,:R3 — R, can be computationally stud-
ied for large NV by solving the ordinary differential equations Md?X,/dt? = —VV,(X,) in

—1/2

the fast time scale. We will use the slow time scale t=M~"/t with positions X; = X,

and scaled momenta P; := X; satisfying

X =—VV,(Xy). (4)

In the slow time scale, the nuclei move O(1) in unit time, since P, = —VV,(Xy). This com-
putational and conceptual simplification motivates the study to determine the potential
and its implied accuracy compared with the Schréodinger equation, as started already
in the 1920s with the Born—-Oppenheimer approximation [4]. The purpose of our work is
to contribute to the current understanding of such derivations by showing convergence

rates under new assumptions. The precise aim in this paper is to estimate the error

[ (@(X), gX)@(X)dXx . 1 (T
Jaan (P (X), (X)) dX _115205/0 9(Xy) dt (5)

for scalar smooth observables g of the time-indepedent Schrodinger equation (2) approx-
imated by the corresponding molecular dynamics observable limy_ ., T7! fOT g(Xy) dt,
which is computationally cheaper to evaluate in the case with several nuclei; Section 2
includes also the general case with position and momentum dependent observables.
The main step to relate the Schrodinger wave function and the molecular dynam-
ics solution is the so-called zero-order Born-Oppenheimer approximation, where X;
solves the classical ab initio molecular dynamics (4) with the potential V,:R3¥ — R

determined as an eigenvalue of the electron Hamiltonian V(X) for a given nuclei position
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X. That is, Vp(X) = 1o(X) and

V(X)W (X) = Ao (X)W (X), (6)

for a normalized electron eigenvector ¥,(X) € C’ (here the ground state). The initial
data (Xo, Py) is chosen to have its energy equal to the eigenvalue E, that is, |Py|?/2 +
Ao(Xp). The Born—-Oppenheimer expansion [4] is an approximation of the solution of the
time-independent Schrodinger equation which is shown in [17, 25] to solve the time-
independent Schrodinger equation approximately when the electron operator V have

eigenvalues A ;(X) that are well separated, satisfying
m}}n(kl (X) — A0(X)) > c for a positive constant c independent of M. (7)

This expansion, analyzed by the methods of multiple scales, pseudodifferential
operators, and spectral analysis, for example, in [13, 16, 17, 25], can be used to
study the approximation error (5). The work [16, 17, 25, 33] prove asymptotic expansions
for the eigenfunction. In the literature, one can also find precise statements on the error
for the setting of the time-dependent Schrodinger equation, for example, in [5, 26, 33, 35],
which in some sense is easier since the stability issue is more subtle in the eigenvalue
setting. The aim of our work is to present a method to analyze this stability of the
eigenvalue problem, using the dynamic transition probability estimated from Ehren-
fest dynamics simulations as quantitative input, without assuming an M-uniform lower
bound c on the spectral gap.

We present error estimates for molecular dynamics approximation of time-
independent observables in quantum mechanics, valid also when the eigenvalues 1,
of the electron operator V may nearly intersect and thereby increase the probability of
being in excited states. For the Schrédinger solution @ to (2), with the electron ground

state ¥, satisfying (6), the probability p.y to be in excited states is
Pex '= / (@4(X), 24 (X)) dX, (8)
RSN

where @4 (X) := & (X) — (Y(X), (X)) ¥ (X). The derivation of the approximation error is
divided into three steps which defines the outline of the paper.

(I) The first step, in Section 2, proves that observables based on the time-
independent Schédinger equation can be approximated by stochastic
molecular dynamics on the constant energy manifold. The convergence

rate depends on the nuclei/electron mass ratio M and the probability pex to
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be in excited states. The proofs use Egorov’s theorem and assume that the
expected value of space-time averages of the molecular dynamics observ-
able converge in distributional sense with a rate related to the maximal
Lyapunov exponent.

(I) The second step, in Section 3, presents a numerical method to deter-
mine the probability to be in excited states from stability analysis of
a perturbed eigenvalue problem. The perturbation is determined from a
time-dependent excitation problem related to the Landau-Zener model
(with pg denoting the dynamic transition probability to go to the excited
state). Resonances of the eigenvalue problem then determines the larger
probability pex (to be in excited states for the Schrédinger eigenvalue prob-
lem) from the perturbations p; in the dynamic problem.

(ITI) The final step, in Section 4, on numerical results, illustrate that the
dynamic transition probability p; can be determined from Ehrenfest

molecular dynamics simulations applied to two simple model problems.

Section 5 proves a lemma on the regularity of the expected value of the molecular
dynamics solution and establishes in three other lemmas estimates on remainder terms
in Moyal expansions used in the theorems. Appendix 1 formulates WKB-solutions in the
case with caustics.

The main ingredient in step I is Egorov’s theorem which has been used exten-
sively to study semiclassical limits both in the time-dependent and time-independent
case, cf. [5, 38, 42]. We derive two estimates: Theorem 2.1 proves an estimate of
a weighted difference of the Schrédinger and molecular dynamics observables and
Theorem 2.2 derives an estimate of the difference of the Schrédinger and molecular
dynamics observables, without the weight. The idea to assume ergodic classical dynam-
ics to prove convergence of observables, in [29, 41], initiated the activity on quantum
ergodicity [49] and related results on semiclassical limits for scalar potentials, [20], and
matrix potentials with distinct eigenvalues [3]. The work [42] includes a recent review of
semiclassical limit results in the case of well-separated electron eigenvalue surfaces. In
this case with well-separated electron eigenvalues, satisfying (7), the probability to be
in the excited state is proved to be small pex = O(M~!). We want to include the case when
molecular dynamics simulations become inaccurate in practice. For an actual molecular
dynamics simulation, the mass M is given and the electron potential ¥V does not depend
in M, so a positive spectral gap ¢ does not depend on M. However, if the mass is not
large enough the molecular dynamics approximation may be inaccurate. Our analysis is

asymptotic for large M and to include the situation with a small gap for a certain mass
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we therefore consider a model when the spectral gap
m}}n(kl(X) — ro(X)) =16 >0, (9)

can be close to zero, that is, when it is not uniformly bounded from below with respect
to M, and then p.x can be large as seen, for example, in the Landau-Zener probabil-
ity (50) and Figure 4. There are four main new ingredients in our theorems compared
with previous studies. It is well known that the standard proof of Egorov’s theorem,
in the time-dependent case, combined with an assumption on the molecular dynam-
ics convergence rate toward its ergodic limit yields an error estimate for the molecular
dynamics observables when compared with the Schrodinger observables. The precise
form of the assumption on the convergence to the ergodic limit is important for the
conclusion of the approximation error compared with Schrédinger observables: (1) for
instance, assuming an algebraic convergence rate O(T~'/2), for molecular dynamics time
averages of length T, would only give logarithmic error estimates O(1/log"/* M) (also in
the case with a uniform spectral gap); (2) it is difficult to verify ergodicity for Hamilto-
nian dynamics, both theoretically and numerically. The first new ingredient here is to
use stochastic dynamics constrained on the constant energy surface instead of Hamil-
tonian dynamics. Introducing small stochastic perturbations on the constant energy
manifold have the advantage to guarantee ergodicity with respect to the microcanonical
ensemble and to provide observables with higher regularity. Our second ingredient is to
use a more precise convergence rate assumption based on space-time averages, which
can be tested numerically (see Figure 10) and yields a better error estimate O(M~7), for
a positive y, The third ingredient is to prove uniform convergence rates in the num-
ber of particles N by careful use of localized mollifiers. Previous convergence proofs
require for instance, for a certain constant C, the quantity max,cgen jqj<cn [029(2)|M™! to
be small but typically this is a large number for systems with many particles unless
the mass ratio M is very large and increasing with the number of particles N, see [20]
and [51, Theorem 15.4]. The fourth ingredient is that we include nonuniformly spectral
gap bounds (9): Theorems 2.1 and 2.2 prove the error estimate in step I in terms of the
probability p.x to be in excited states, which is not a typical a priori information. Con-
sequently, the computational approximation of pex in steps II and III is an important
complement. Although to evaluate the practical value of the suggested method to esti-
mate the computational error in molecular dynamics these two steps need to be tested
on more realistic chemistry problems.

The alternative to consider molecular dynamics at constant temperature using

the canonical ensemble is important in practice and it also has the advantage of proved
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ergodic limits. The canonical ensemble is in a sense the average of the microcanonical
ensemble over all energies weighted with the Gibbs density. Therefore, the results here

are useful for ongoing analysis in the constant temperature setting.

2 Molecular Dynamics Approximation of Schrodinger Observables for

Matrix-valued Potentials

For every mass M > 1, we consider L?(R3") wave functions @ : R3" — R” and eigenvalues

E e R, solving the Schrodinger eigenvalue equation

Ho=E®, (10)
where
N 1
H=——A 174 . 11
oM x + V(X) (11)

Here, the symmetric smooth matrix-valued potential V : R3¥ — R“* has (electron) eigen-

J—-1

values {A,};_,, ordered increasingly, with normalized eigenvectors {'Pn}i;é satisfying

V(X)¥n(X) = An(X)¥n(X)

and the spectral gap condition (9). The eigenvalues {A,, n> 1} may be degenerate but Ag is
not. Both @ and E depend on the mass M and we will only consider those eigenfunctions
where the corresponding eigenvalue is bounded, that is, the @ for which E=0(1) as
M — co. That is, we assume that for every M > 1 there are solutions @ = @z € L%(R3Y)
with eigenvalue E = O(1) to (10), as M — oo. On the other hand, the matrix V does not
depend on M explicitly and consequently also the eigenvectors and eigenvalues ¥,, and
An do not depend on M explicitly. However, to include the case of a small spectral gap,
we assume that the positive spectral gap, §, in (9) is not uniform in M and we study
estimates depending on the two parameters M and §. To handle ergodicity for the Born—
Oppenheimer dynamics, we will below assume that the smallest eigenvalue A¢(X) is
smooth and tends to infinity as |X| — oco. This assumption in fact also implies that the
spectrum of His discrete, see [9].

We consider a given smooth scalar observable g: R®¥ — R in the Schwartz space

constructed as

g=§7*¢n,

sup Z 182 g(2)|* is uniformly bounded with respect to N,
zeR6N
|Bl<4

(12)



Computational Error Estimates for Molecular Dynamics 11

where for some n>4M'? the mollifier ¢,:R%Y - R is defined by ¢,(2):=
(27n) 3N e712°/@2n and §: RV — R is smooth and compactly supported. We assume that
each solution @ = &z to (10) is normalized, that is, ngN@(X), ®(X))dX =1, and define
for each @ the observable

gs ::/ (@(X),gP(X))dX, (13)
R3N

based on the Weyl quantization, see [32],

4 (X) = Oplgld (X) := (2 M~ 1/2) 3N f

. X+Y
el M*(X-V)-P g ( + ,P) ®(Y)dYdP,
RSN 2

using the inner products

J 3N
(w, v) :=Zw;'fvj for w,v e C’, X-P::ZX"P" for X, P e R3V,
j:l n=1

We note that in the case g(X, P) = g(X) is a function of X only, then the Weyl quantization
acts as a multiplication operator, that is, & (X) = g(X)®(X). We also define the Wigner

transform

W(X, P):= (2nM1/2)3N/ glM/2Y-P <¢> <X+ ;—/) ) (X _ §>>dY (14)
R3N

and

Wi(X, P) = 25N
R3N

. Y Y
MY P x 1 ~— Vo, (x—=)dy,
i\ET g )%k 2

and note that @ = @ is different for different eigenvalues E. The change of variables

’ Y ’ Y
X=X+=, YV=X-=
2 2

shows that for any g: R®¥ — R and A: RV — R/
/ (@(X), 9P (X)) dX:/ g(X,P)YW(X,P)dXdP,
R3N R6N

J J
f <¢(X),21q>(X))dX:/ > ) Aj(X, P)Wjr(X, P)dX dP.
RSN RGN

j=1 k=1

Our estimates of remainder terms use the corresponding function W defined for
s€[0, 1] by

WS (X, P) ::(2nM1/2)3Nf MY P (X +5Y), (X — (1 —s)Y))dY, (15)
R3N
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which is the “Wigner”-function corresponding to the alternative quantization

(27rM1/2)3N/ (®(X), g(X +s(Y — X), P)®(V)) e *VP qydxdp
RBN

:/ g(X, PYW® (X, P)dX dP. (16)
]RGN

We will approximate the Schrodinger observable by dynamics related to ab initio

molecular dynamics

Xt = Ptl
. (17)

P = —Vxio(Xy),

based on the Hamiltonian
|P?
Hy(X, P) := - + Ao(X).

We assume that Ag is smooth and coercive in the sense that

lim Xo(X) = +o0. (18)

| X|—+o00

In order to obtain precise estimates of the approximation error which are uniform in N,

we consider a mollified Hamiltonian

H,(X,P):=|P|?/2+ 1, (X),
Ap(X) 1= Ao * ¢, (X),

where ¢,(X) = (2mn)3V/2e-1XI/@D is a standard mollifier on the small scale /7. To
obtain good approximation of observables compared with the Schrédinger case, we
use n=4M"'/2. To ensure ergodic molecular dynamics and still approximate the Born—
Oppenheimer dynamics, we will compare the Schréodinger observable to the observable

for stochastic dynamics restricted to the manifold
Tp:={(X,P) R | H,(X, P) = E},

for the constant energy E equal to the Schrodinger eigenvalue, with a small stochas-
tic perturbation of (17). Let Z = (X, P) e R%" denote the phase-space variable, then one

example of such stochastic Stratonovich dynamics on X'x takes the form

dZ, = JVH,(Z,) dt + V2etP(Z;) o AW, (19)
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where € < M~'/2 is a small positive parameter, W is the standard Wiener process
in R®Y with independent components, the skew symmetric matrix J is defined by
JVzH,(X, P)=(P,—Vxi,(X)), the parameter v ~1 is positive, and the projection P(Z)
onto the tangent space of X'z at Z € X'y reads

P(Z):=1d — (Z) ® (Z)

with the normal #(Z) := VH,(Z)/|VH,(Z)| to ¥g. We assume that VH, |5, #0 for all ee R.
Since also H, is assumed to be smooth and coercive, the set X, is a smooth compact
codimension 1 manifold in R®Y for every e € R. The dynamics (19) is the projection of the

Ito differential equation
dz = (JVH,(z) — €VH,(2))dt + v2et AW, (20)

to X'z and z has a unique equilibrium measure, which is the Gibbs measure

e /T 4z / / e /T 4z,
RGN

The diffusion parameter ¢ can, for instance, also be a semipositive-definite constant
diagonal matrix, so that (20) includes the Langevin equation. The work [12] proves that

the projected dynamics (19) also is ergodic and the equilibrium measure is the micro-

do(Z) — dr \' dx2)
V)= (f,s |VHn|) VH,(Z)|'

that is, limp_, o T7! fOT 9(Zy) dt:sz g(z) dv(z) where dX¥ is the surface measure on X

canonical measure

induced by the Lebesgue measure in R®V. Alternative ergodic dynamics on Xz sampling
the microcanonical measure are presented in [12].

The Ito dynamics corresponding to (19) reads, see [8, 12],

AdZ, =P(Z)(JVH,(Z;) — eVH,(Zy)) dt — etic(Z)UZy) At + /2 TP(Z,) AW, (21)

=JVH,(Z;)

where « (z) := div 7i(z) is the mean curvature at zon Xz. The Kolmogorov equation for the
expected value w(t, z) .= E[g(fT) | Z;=2], for t < T, of paths Z satisfying (19) becomes

Wt 2) + (JVH,(2) — etk (2)1(2)) - V,u(t, 2) + €t trace(P(z2)V?u(t, z)=0 t<T,
=Lu(t,2) (22)

u(Tl ) :g:
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where V2u(t, Z) denotes the Hessian with respect to z, so that

trace(P(2)V2u(t, z)) = Z Pij(2)0;0z,u(t,z2) and P =d;; — ;.
i,j
This Kolmogorov equation has an intrinsic definition based only on the coordinates on
X'g, see [12]. The expected value uis smooth and the compact support of g implies that u
decays rapidly as |Z| — oo, so that uis in the Schwartz class. The work [12] also proves
an exponential convergence rate to equilibrium: let the initial data g be smooth in a

neighborhood of ¥z then there is a positive constant y, ~ € such that

=0 "Iy t<T. (23)
L2(dv(Zg))

ut, ) — / WwT,Z)dv(Z)
g

The upper and lower bounds in [21] on the convergence rate exponent y, for Langevin
dynamics in the full R6¥ phase-space prove that the rate is bounded from below by a
constant times € and from above by a constant times log(1/¢) where € « 1 is the damping
factor, as in (20), for fixed positive temperature .

Let Si5(Z) :=(Z;| Zs = Z), for t > s be the stochastic flow of the dynamics (19), that
is, the solution Z; that starts in Z at time s, for a realization W(-, ) of the Wiener pro-
cess. Then we have u(t, Z) = Elg o Sr¢(Z)]. We write S;:= Sy so that w(0, Z) =Elg o Sr(Z)].

This function satisfies the exponential growth

1/2

sup [ Y 195, Elgo Su(Zo)]? | < eCutDamin@ i <y, (24)

6N
ZeRT\ |1<n

where C is independent of M, §, and ¢, as derived in Lemma 5.1 under assumption (97)
including weak near crossing of eigenvalues.

Define the molecular dynamics microcanonical observable

1 T
gup(Zo) 1= lim T /0 9(S(Zo)) dt = /2 9(2) dv(2), (25)

depending on the initial energy E = H,(Z,). Our main assumption on the dynamics is
that we assume that for some € < M~'/2 there is a positive constants y, independent of
e and M, such that

2 T
/ = / (Elg o S,1(Zo) — g (Zo)) dsW(Zo) dZo
RSV T/2

<e"T 40Ot for TflogM/(é +v). (26)
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The constant C depends on the observable g so that an observable related to a macro-
scopic quantity may have better convergence rate in the case of a large system.
From (23), we know that there is a constant y ~ € satisfying (26). Assumption (26)

says that the decay with respect to time T of

2 T/2
= / (u(t, Zo) — / wT,-) dv) dt
T Jo R6N

integrated over the Wigner distribution is exponential with the decay rate y ~ 1 (for
some € < M~! and T <log M/(C + y)) plus possibly an additional constant small term

M~! independent of t. The ergodic assumption

T

1
lim o [ goSo(Zo)dt= /

T—oo T 0 R

. g(2) dv(2),

for the Hamiltonian dynamics with € =0 is used in [3, 20, 29, 41] to prove convergence
of Schrodinger observables. This ergodic assumption is difficult to verify numerically,
since a numerical approximation of the dynamics will always perturb the dynamics
and it is theoretically unclear how this perturbation effects the dynamics over infi-
nite time, see [46]. To find a method to prove ergodicity for general Hamiltonian sys-
tems also remains a challenge, cf. [46]. An advantage with assumption (26) is that it
can be tested numerically for some initial points Z,, see Figure 10, since the time
discretization error can be made small compared with the bound O(M™!), by tak-
ing a small time step At < M~!, and the simulation time T < log M/C is finite. Not all
dynamics satisfy (26). For instance, there exists billiard dynamics in “stadium” domains
in R? that is proved to be ergodic for almost all initial data but is nonergodic for
some data with corresponding concentrated Schrodinger eigenfunctions, see [19]. Small
perturbations of these data with nonergodic dynamics will need very long time to
reach asymptotically ergodic behavior and consequently also the stochastic regular-
ization above is likely to have y in (26) depending on ¢ so that our assumption would
not hold.

Having introduced the necessary notation and terminology, we are now ready
to present an estimate for the weighted difference between the Schrodinger and
stochastic molecular dynamics observables that is expressed in terms of the spec-
tral gap, the mass, and the excitation probability. Theorem 2.2, presented in the end
of this section, then estimates the difference gs — gump of the observables without the

weight.
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Theorem 2.1. For every M > 1, consider the Schrédinger eigenvalue problem (10)
and (11) with a solution @ € L?(R3®Y), for a corresponding eigenvalue E = (1), and

assume:

(i) the observable g satisfies (12) and the potential V is smooth with
SUP xcpsv Zl§|n\§3 |02V (X)|*> bounded, uniformly in N, where |-| is the
matrix 2-norm in C’,

(ii) the molecular dynamics limit gyp in (25) satisfies the weak convergence
rate (26),

(iii) the electron eigenvector ¥, and eigenvalue A, are smooth and have bounded
derivatives satisfying, for some § = §;; > 0 defined in (9) (which may depend

on M) and any |B| <2, and for any |«| <4,

105w (X)| = O™,
9%, (X)| = O™+,

(iv) the Hamiltonian H, is smooth, satisfies the coercivity (18) and VH,|s, #0
for all ec R,

(v) the exponential bound (24) holds with the constant ¢ uniformly bounded
in N.

Let the probability to be in excited states be denoted by pex = pex(®), as defined in (8),
and define the Wigner transform W = W(®) by (14). Then, for M~1/262 = O(1), the molec-
ular dynamics observable gyp approximates the Schrodinger observable gs, defined

in (13), with the weighted error estimate

<CET(M 674+ Cyes ™ + 952 + pi/2) +e7T),  (27)

ex

/RGN (gs — gun(Zo)) W(Zo) dZo

for any T > 0, and by choosing T such that e~ €+"T = (M~1/25-2 + pl/?), n =4M~Y/2, and

€ sufficiently small

<C(M™ V2572 4 pli2)dy, (28)

fR (05— 9> (Z0) Wi(Zo) 426

for a constant C, independent of M > 1, px <1, §, y, N, and C. O

To prove this theorem, we modify the proof of Egorov’s theorem [38] to include
stochastic dynamics and the assumption (26) on the space-time convergence rate and
to replace the uniform spectral gap bound for matrix-valued perturbation potentials

V(X), in [3, 42], with Assumption (iii). Assumption (iii) with § > 0 excludes a conical
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intersection but avoided crossings are allowed with a spectral gap in (9) that is not uni-
formly bounded from below as a function of M. The Landau-Zener probability (50) in
Section 3.2 (combined with (52) and (82)) illustrate for instance that pex can be close to
one for an avoided crossing, with a small spectral gap ming(A;(X) — Ao(X)) =8 = M~ V/4
That pé)/(z can be of the same order as M~1§7* in the estimate (27) motivates the study of
the approximation error as a function of psx and M. To have p.x large seems to require
smaller gaps § < M'/4, see Section 3. It would be desirable to have analytic estimates of
Pex, Since it is determined by M and V. Such estimates are known, p.x =0(1) as M — oo,
for the case when spectral gap § > ¢> 0 is uniformly bounded from below while in the
case with no uniform spectral gap the required smoothness of projection to the ground
state is assumed, see [45]. The lack of analytic estimates of pex is our motivation for
using pex in addition to M as parameter in the theorems and presenting the computa-
tional method to determine pex in this work.

We note that stochastic dynamics has a regularizing effect since E[g o S¢], with
€ >0, is in general more regular than go S, with € = 0. In fact, we do not explicitly need
the stochastic flow S: the proof only uses the deterministic value w(t, -) = E[g o St¢(-)] and
its flow w(t,-) =: S;yw(T, -), for t < T, with the generator 9;u(t,-) = —Lu(t, -). The exponen-
tial bound in assumption (v) is proved in Lemma 5.1 under an assumption that allows
weak near crossing of eigenvalues away from regions where P vanishes.

Proof. Consider the solution operator eiM*tH of the time-dependent Schrodinger
equation

iM~Y29,w (t, X) = HV¥ (t, X)
defined by ¥ (¢, ) = e‘iMl/ztﬁ'P(O, -). We will compare the observable
gs = f (e Mg (x), ge M g (X)) dX
R3N
zf <§D(}O,eiMl/Ztﬁge_iMl/Ztﬁcp(}O) dx
R3N
to the expected value
2 T 2 T —
2| | Beesaawa)dzodi= [ | @), Blge 510 dxo de.
T T/2 R6N T T/2 R3N

By construction, we have that S;(Zo) is in the compact manifold Xy, (z,. The coerciv-
ity (18) of Ao and the decay of g in phase-space imply therefore that g(S;(Zy)) decays
sufficiently fast for large |Zy|. The integrals above are therefore well defined. Since V

is smooth, elliptic regularity implies that the solution @ to the Schrodinger eigenvalue
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problem also is smooth. Let & be the solution to

&t z) — Lit,z2) =0, t>0,
(29)
(0) =

then E[g o S;(Zo)]l = w(t, Zyp) and g = g * ¢,,. We have, using the commutator [A, B]:= AB —
BA and that H® = Eo,

o W, ) * ¢y (Z)W(Z)dZ — gs
= fR e, a(t,/-)\* by — M50 E g 6 M X)> ix
= /Rw <¢’(X)r fo eiMl/z“’”ﬁ (%Op[a(s, )k ¢yl — IMY2[H, U(s, ) * ¢,7])

x e MV (t-9)H <1>(X)> dsdx
t N
= f f <eiM”2“—S>Hq>(}o, OPI((P - Vx — Vi, - Vp)il(s, ) * ¢y (X, P)]
RBN

. [ €T
_1M1/2[H,u(s,.)*¢n]+OP|:< |VZH|VZH - VzU(S, *) * ¢y

+ et trace(PV2)is, .)> * an(Z)] x g M=) H qb()o> dxds
t
- / f (-5 0 (), OPI(P - Vi — VA,(X) - Vi )ils, ) % 6,(2)]
R3N
+ O(e) — iMY? [ﬁz,u(s,/-)\* ¢n] e_iMl/Z(t_S)Ecp(X)> dx ds

t
=f fR (®(X), (OPI((P - Vx — VA (X) - Vp)US, ")) * ¢y(Z)]
0 3N

+ O(e) — iM'?[H, Oplixs, -) * ¢,]) P (X)) d X ds. (30)

In the fourth equality, we have used (29) to conclude that

0 0
gop[ﬂ(s, ) * ¢y (Z)] = Op [gﬂ(s, ) * d),,(Z)} = Opl(Ls, ")) * ¢,(Z)]

=0p |:<(JVZ |V€ZH | zH> Vz + et trace(PV; )) (s, ) *¢n]

=Opl(JVzH, - VzUs, ")) * ¢,(Z)] + O(Cyes ™ eCt).
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Here the estimate

< CN€571 eCt

(31)

€TK 9 -
@,0p|(|-— VzH, -Vz +ettrace(PV3)u(s, ) ¢, | | P ) dX
R3V |VzH,|

follows by Lemma 5.4 and we note that the term is negligible small by choosing ¢ suf-
ficiently small, although the constant Cy typically is large as it depends on order N
derivatives of the symbol.

To estimate terms in the error representation (30) is now the remaining four
steps in the proof.

1. The Moyal expansion for the commutator of two Weyl operators in [5, 25] and
Lemma 5.5 is stated for scalars and here we apply Lemma 5.5 to each matrix component
jk of H to obtain

iMY2(H, U(s, ) * ) jxPrc= 1M 2 B, U(s, ) 1P
= (Opl(Vp Hj(X, P) - Vx — VxHjx(X, P) - Vp)(Us, ") * $,)(X, P)| + Ry)@x(X)  (32)

for the matrix components

|P|?
Hj (X, P)= T5jk + Vi(X),

where the remainder takes the form, see [5] and Section 5,

m —1)lel
Ry:=0p | 2M"2)™ > %B?{T/jk(X)(aga(s,-)*qﬁn)(X,P)—i—M_(m“)rm (33)

n=1 la|=2n+1
and r, is smooth. We will use Ry for m = 1. Lemma 5.5 in Section 5 shows that

(@, Ry®) = O@CTs2M). (34)
R3N

2. The normalization property 1 = [pcv W(Z) dZ implies that

gS:/ gsW(z)dz
R6N
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and we obtain by (30) and (32)

T
/ (gs 2 ut, ) * ¢, (Z) dt) w(z)dz
R6N T

T/2
2 T

=z <g5 _ f ut,-) qﬁn(Z)) wW(z)dz dt
T T/2 R6N

2 T t
:ff/ f /R (®(X), Opl((VAy()I — Vx V(X)) - Vpils, ")) x ¢, (X, P)I@ (X)) dX ds dt
T/2J0 3N

T t
+ 3/ / / (@ (X), (O(e) + Ry @ (X)) dX ds dt, (35)
T Jr2Jo Jrew

=0 (ECT(M~15-24€Cys~1))

where we use the bounds (34) and (31) in last term.

3. We have the desired quantity [pev(gs —gup)WdXdP in the left-hand side
above by adding and subtracting the molecular dynamics observable gyp, to the sec-
ond term in the left-hand side, and using its convergence rate e ¥7 + M~! from (26) as
follows:

T
/ 2 / wt, ) * ¢, (Z) dtW(Z) dZ
RGNT T/2

2 T
:f gup(Z)W(Z) dz +/ T (W, ) * ¢,(Z) — gup(2)) dtW(Z) dZ
RGN

IR6N T/2

=f Iup(Z)W(Z)dZ + O™ T + M),
R6N

which yields the last term in the error bound (27).
4. It remains to estimate the first term in the right-hand side of (35). The rule for

the composition of Weyl quantizations, cf. [32] and Lemma 5.5 in Section 5,

AB=AB —iM20p {A, B) +OoM, (36)
~——

:=VpA-VyB—VxAVpB

for smooth scalar functions A, B :R®" — R. The first term in the right-hand side of (35)

can be written as follows:

/ (@,0pl((VA, (DI = Vx V(X)) - VpUls, ) * ¢y (X, P)IP) dX
R3N
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and to estimate this term we use (8) and write ® = @+ + [Ty®, where ||®||12(ax) = Del?
and Myw := (w, ¥) ¥, for w € R, defines the projection onto the ground state. The inte-

gral terms including the factor @+ are bounded using Lemma 5.5
fR @+, 0p[=(V2A, ()] = Vx V(X)) - Vpills, ) * (X, P)I®) dX
+ /RSN@ Opl—(VA,()I — Vx V(X)) - Volls, ) * ¢, (X, P)I®+) dX = O(e“T pif2).
The main term related to the consistency of the approximation can be written as follows:

Op[—=(VA,()I — VxV (X)) - Vpus,-) * ¢, (X, P)]
= Op[—(VA,(X)I — VxV (X)) - Vpil(s, ) * ¢,(X, P)]
+ Op[—(VA,(-) — VA, (X)) - VpiUs, ) * ¢, (X, P)],

where Lemma 5.3 shows that the last term is bounded by

sup (VA (X) — VA, () - Vaiuls, -) x ¢,y (X, P)| +O(5 e¢5672) = O(e%n52)
(X,P)eRsN

ZO(eésn(g—Z)
since the symbol satisfies

/ (Vi (X) — V(X — X)) - Vpius, X — X', P — P')¢, (X', P')dX dP’
R6N

3N

/ Zaxw (X) - Vpius, X, P — P)/ X¢y(X',P')dX' dP'
R3N

=0
3N 1
+f > / (1 = )(3x,x,VAy (X — tX) - Vpi(s, X — tX', P — P')
RGN ‘k:l

+29x, VA, (X — tX') - 3x,Vpils, X —tX,P — P')

+ 9%, (VA (X) — VA, (X — tX))) - 9%, Vpils, X — tX', P — P) X X;$,(X', P))dX dP' dt
Z / (1 — 0)(|9x,x,VAy (X — tX') - Vpi(s, X — tX', P — P')|

Jik=1

+ 2|0x; VA (X — tX') - 0x, Vpu(s, X —tX',P — P')|

+ 18x, (VA (X) — V(X — tX))) - 9%, Vpil(s, X — tX', P — P))|)dt
LOO
x SUp || X Xy (X', P11 dt.
J.k
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The remaining term satisfies, using (36) and the notation V(X):=V(X) — An(X),

fwmocp, OpIVxV(X) - Vpils, ) * ¢, (X, P)I[To®) dX
= AM@, Mo0plVxV(X) - Vs, -) * ¢, (X, P)To®) dX
-/, <q>,n0%<vxr7<X> . OPIVp (s, ) % ¢, (X, P)]
+ OpIVpis, -) * ¢y (X, P)] - VXTVI(X))HOQD> dX + 0ETM 1574
= Aw@’ MoV V(X) I -OplVpiKs, ) * ¢,1®)dX

=0(n)

+ / (@, ToVxV(X) - (OpIVpiUs, ) * ¢y (X, P)] (ITy — ITo * ) ) dX
R3NV — e’
=0(1ns2)

- / (@, [ToVxV(X) - (ITo — ITo * ¢,) OPIVA (s, ) * ¢, (X, P))P)dX
R3N —_——

=0(ns2)

+ f (0, 19 77(x)
]R3N

x (OpIVpiUs, -) * ¢y (X, P)y % ¢, — Iy * ¢, 0PIV U, ) * ¢, (X, P)]) q>> dx, (37

ZO(eéTM_lé_‘l)

where the first term is O(n) since V=(V- Ao) + Ao — X, and the gradient of the ground

state condition (V — Ag)¥y =0 implies
(W0, V(V — Lo)Wo) = — (W0, (V — Xo) VW) = —((V — Ao)¥o, V) =0,

and the second term is estimated by Lemma 5.5. Therefore, the right-hand side in (35)

yields the contribution O@ElT (M54 + pel?)) to the error bound (27). [

The next result shows that the difference of the observables can be estimated
without the weight W.

Theorem 2.2. Let E := fRBN H,(Z)W(Z)dZ and assume that

(i) the assumptions in Theorem 2.1 hold and

(ii) the function gyp : R — R is defined by

9up(Z) =: Gup(H,(Z)) for Z e RV,
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then
/ gup(Z)W(Z) dZ = Gup(E) + O(M~167* + pl/?)
R8N
and
gs — Gun(E) = O((M /%572 4 Pl e,
where

E_':E+O(pex+77)- O

Proof. The function gup(E) = [ 52 g2 dv(z)/ [ 5 dv(2) can be written as the convolution

QMD(E)Z/ 9(2) dV(Z)=/ / 9(z—2) dv(2)$,(2) dz (38)
2r RSN J ¥g

and as
Jren 9(Z)8(H,(Z) — E)dZ

Joon 8(H,(Z) — E)dZ

Gup (E) =

Using the assumption that |VzH,(Z)||5x, does not vanish, the function gup is smooth

since we have for Z = (X, P)

i/ 9(Z)é(H,(Z) — E) dZ:—/ 9(Z2)8'(Hy,(Z) — E)dZ
dE R6N R6N

- / 9(Z) VH,(Z)
— Jren IVHY(2)| IVH,(2)]
L / 9(Z)  VH,(Z)
~ Jrew [VH(2)| |VH,(2)|

[ 4 (9DVH(Z) -
_‘/Rwdlv< V22 >3(H,,(Z) E)dZ

- VH,(Z)8 (H,)(Z) — E)dZ

. Vz8(H,(Z) — E)dZ

and similarly for higher order derivatives.
Taylor expansion implies
gun(E) = Gup(E) + Gup(E)E — E) + 39yp()(E — E)?,
for some & =£(E) between E and E satisfying g, (£(E)):=2 [ Glp(SE+ (1 —s)E)(1 —

0
s)ds, and integration with E = H,(Z) yields the moment relation

/RGN gup(Z)W(Z)dZ = /I.QGN 9o (Hy (Z))W(Z) dZ

= gup(E) _W(z)dz +3hp (E) / (Hy(2) - EYW(Z)dZ
R R
=1 =0

1 -
+3 /}RBN G (E(H,(Z)))(H,(Z) — E)*W(Z) dZ. (39)
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The definition of E shows the error estimate
E :/ H,(Z)W(Z)dZ :f (®(X), H,® (X)) dX
RGN RSN
- /Rm@m,ﬁ@(m dx - Aww(m, (V = 7o) ®(X)) dX

- A@N@(X), (o — AP (X)) dX

=E + O(pex) + O(n), (40)

A

since Hy=H — V=H — (V — Ao) — (Ao — Ay)-
The rule for composition of Weyl quantizations, in (117) in Lemma 5.5, shows
that

AB=AB —iM '?0p {A, B} +OM 157,
——

—:Vp AVxB—VxAVpB
for A= H, — E and B(Z) = gy, (§(H,(Z))), which implies

OplGyp (€ (H,))(H, — E)*] = OplH, — EIOp[gyp (6 (H,)IOPIH, — El + O(M 167,
since we have

(G E(H)), Hy — E} =0,
{H,— E,H,— E}=0.

Therefore, the last term in (39) becomes

fR G & (H,(2)(H,(2) = B’ W(Z)dZ + O(M 57

= /R <(HHA— )& (X), Oplgiym & (Hy (Z))I(H, — ] E’)(D(X)> dx
- /R <(ﬁ — E — V)®(X), Oplghyp (& (Hy(Z)/(H — E — r?>¢<x>> dx

- /R <(E — E - V)®(X), Oplgp (E(H,(Z))I(E — E — f/)cp(;o> dx

= / <(E — E)® — Vo (X), 0plgyy, (6(H,)(Z))I(E — E — r7><1>(X>> dx
R3N \ ~———/
:O(pex+n)

=O0(pl* + ),

which combined with (39) and Theorem 2.1 proves the theorem. [ |
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3 Determining the Probability to be in Excited States

The purpose of this section is to describe a numerical method to approximate the prob-
ability pex to be in excited states for the Schrodinger eigenvalue problem, without solv-
ing a Schrodinger eigenvalue problem and instead analyze a certain eigenvalue problem
with respect to perturbations related to the dynamic behavior for a time-dependent
problem. This perturbation study is formal in the sense that precise conditions for its
validity is not presented here. The perturbation model is first formulated in one spa-
tial dimension and then in multiple dimensions in Section 3.3. The perturbation uses
the WKB-method to formulate transitions and is presented in Section 3.1. The dynamic
problem is related to the Landau—Zener model and Ehrenfest dynamics as described in
Section 3.2.

3.1 Construction of WKB-solutions

To construct a numerical method for approximating the probability p.x to be in excited
states, without solving a Schrodinger equation, we will use a decomposition of the
Schrodinger solution into WKB-functions (78). This section presents a construction of
such WKB-functions.

The singular perturbation —(2M)~! > i Axt of the matrix-valued potential V in

the Hamiltonian (3) introduces an additional small scale M~1/2

of high frequency oscil-
lations, as shown by a WKB-expansion, see [10, 23, 36]. We shall construct solutions

to (2) in such a WKB-form

D(X) = p(X) M 0D, (41)

where the amplitude function ¢ : R*¥ — C” is complex valued, the phase 6 : R3*Y — R is
real valued in the classically allowed region {X € R®*Y | 1o(X) < E} (and purely imaginary
elsewhere, see Remark 3.1), and the factor M'/2 is introduced in order to have well-
defined limits of ¢ and 6 as M — oco. Note that it is trivially always possible to find
functions ¢ and 6 satisfying (41), even in the sense of a true equality. Of course, the
ansatz only makes sense if ¢ and 6 do not have strong oscillations for large M. The
standard WKB-construction [10, 34] is based on a series expansion in powers of M'/2,
which solves the Schrodinger equation with arbitrarily high accuracy. Instead of an
asymptotic solution, we introduce an actual local solution based on a time-dependent
Schrodinger transport equation. This transport equation reduces to the formulation
in [34].
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3.1.1 A WKB-solution

The WKB-function (41) satisfies the Schréodinger equation (2) provided that
0=(H — E)¢p M0

1 1 i 1 .
B (<§|V9'2 V- E) ¢ om?? " wn (w’ Vot E‘M@)) M0 (4

We shall see that only eigensolutions @ that correspond to dynamics without caustics
correspond to such a single WKB-mode, as for instance when the eigenvalue E is inside
an electron eigenvalue gap. Solutions in the presence of caustics use a Fourier integral
of such WKB-modes, see [34] and Appendix 1. The purpose of the phase function 6 is
to generate an accurate approximation in the limit as M — co. A possible definition,

see [34], is the Hamilton-Jacobi equation, also called the eikonal equation
1 2 __
31VO[*=E — Xo. (43)

The solution to the Hamilton-Jacobi eikonal equation can be constructed locally from
the associated Hamiltonian system

Xt = Ptl (44)

Py =—Vio(Xy),

through the characteristics path (X;, P;) satisfying V6(X;) =: P;. For the time being, we
fix some Py e R3Y and vary X, over a hyperplane (denoted by I) in R3" orthogonal to
Py, see Figure 1. Hence, the trajectories X; can (locally) cover the space. Later on, in
Section 3.3 we shall argue that a superposition of such solutions actually allows us to
reconstruct the true (local) solution of the Schrodinger equation. In particular, we will
solve the system (44) not just once, but for all different Xj.

The amplitude function ¢ can be determined by requiring the ansatz (41) to be a

solution to (42), which gives

0=(H — E)¢p M0

1 2
= §|V9| +r—E|)¢

=0

1 i 1 iMl/ZQ(X)
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Fig. 1. Paths X; with velocity X; = P; going out from the plane with fixed normal Py = constant.

Thus, by using (43), we have

1 i 1
— mmpﬂv-xo)q)— ST (V¢-V9+§¢A9>=O. (45)

The usual method for determining ¢ from this so-called transport equation uses an
asymptotic expansion ¢ ~ Y & . M~¥2¢, see [17, 25]. An alternative is to write it as a

Schrodinger equation, as in [34]: we apply the characteristics in (44) to write
d .
LK =V X, =V V0,

and define the weight function G by

Elo G —lAQ(X) (46)
dt g t—2 t)r

and the variable ¥, := ¢ (X;) G;. Then the transport equation (45) becomes a Schrodinger-

type equation

. H G 7
IM Y24 = (V — ho)ry — f‘;Ax (%i) =: V. (47)

As (47) is (formally) a time-dependent Schrédinger equation, we need to impose initial
conditions. Once more, we refer to Section 3.3 for a detailed discussion of this subtle

issue.
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The last step in the construction of the WKB system (6, ¢) is to patch together
the different trajectories obtained in (44)-(47). A priori, X;, P;, G¢, and y; are functions of
(t, Xo), for t > 0 and X, € I, where I was a hyperplane in R3*". By uniqueness of solutions
to (44), the map (¢, Xp) — X; is locally injective. Considering — P, in addition to Py, we
obtain that (¢, Xo) — X; is locally invertible. Hence, we may also interpret the functions
P=P(t,Xp), G=G(t, Xo), ¥ =¢¥(t, Xo) as functions of the space variable alone. Abusing
notation, we set VO(X) = P(t, Xp), G(X) = G(t, Xp), v(X) =y (t, Xp) for X=X(t, Xp) in a
neighborhood of I.

In conclusion, equations (43)-(47) determine the WKB-ansatz (41) to be a local
solution to the Schrodinger equation (2) in the following sense. Assume that the
Hamilton-Jacobi equation M + 20(X) =E has a C? solution 6:U4/ — R in a domain
UCR3N, Let X,=V0(X,) and P;=VO(X,), then (X;, P, solves the Hamiltonian Sys-
tem (44), for t € [0, t.] such that X; € /. Then

(X)) = G N (X)p (Xy) M 0D (48)

solves (2) in U, since both (43) and (45) are satisfied and consequently also (42). It is well
known that Hamilton-Jacobi equations in general do not have global C? solutions, due
to X-paths that collide and generate blow up in dxx6(X). However, if the domain is small
enough and the data on the boundary is compatible (in the sense that H,(X, V6(X)) = E
on the boundary), noncharacteristic (in the sense that the normal derivative 9,0 (X) # 0
on the boundary) and X is smooth, then the converse property holds, that is, the char-
acteristics generate a local solution to the Hamilton-Jacobi equation, see [11]. Maslov’s
method to find a global asymptotic solution by patching together local solutions is
described in [34].

Remark 3.1. In the classically forbidden region {X € R3" | E < 1¢(X)}, we can apply the
same WKB method by replacing the phase function 6 by the imaginary phase i6. The
Eikonal equation becomes —|P|?/2 + Ao(X) = E, which then has a solution, and the trans-

port equation becomes real valued

_1/2: G Yy
125 t
M Y= —(V —)»O)l//t‘i‘—ZMAX (—;t>-

The matrix V — Ag is positive semidefinite, so that ¢ remains bounded for bounded time
and approaches the ground state ¥,. In the classical region, we instead use the oscilla-

tory behavior to conclude that ¢ tends to the ground state, see [1]. O
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3.2 The Landau-Zener model, transition probabilities, and Ehrenfest dynamics

Note that the parameter ¢ in (44)—(47) is just a numerical parameter, which, prima facie,
has no connection with physical time. Indeed, we are working in a time-independent
setting after all. On the other hand, if ¢ is interpreted as time, (47) corresponds to a time-
dependent Schrodinger equation, and we may ask for dynamic transition probabilities
of the time-dependent model, denoted by pa(t) = ps(X;) and rigorously defined in (52). It
turns out below that the time-dependent transition probabilities are easier to analyze
than the time-independent ones, pex, at least under some simplifying assumptions. The
link between the time-dependent transition probabilities p; and the time-independent
Pex 1s not trivial and will be explored in detail in Section 3.3. To have some intuition, it
might be helpful to think of p,(t) as a “local” excitation probability around X;, with the
idea that pex, in turn, is given as a time/space average of pg.

We start our discussion by looking at a simple special case of (47), the Landau-
Zener model, for which the first results on transition probabilities with crossing or

nearly crossing electron potentials were obtained. It is given by

M2, = {P(’t ° }pt (49)
b} — Pyt

with a wave function ¢ : R — C?, constant positive parameters (M, Py, §), and initial data
lim; . o ¢(t) =(1,0). The transition probability

Prz = e "M/ P (50)

is the so-called Landau-Zener probability, determined using Weber functions in [50],
and illustrated in Figure 8. In this particular model, we note that prz = lim;_, ., [¢2(2)|%.

In the context of (44)—(47), the Landau—Zener model can be seen as a special case

of
X, =P,
Py=—Vio(Xy), (51)
1M, = (V(X) — ho(Xe) ¥ — M) GA®W/G),

=V(Xy)

which by the WKB-method (48) determines a Schrodinger WKB-solution @, locally and

hence the transition probability

pa(Q, X) 1= (Y1, o) — | (Y, Wo (X)), (52)
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using the initialization ¥ (X;) = ¥y(X;) for X; € I, where the inflow domain is given by
I={X:(X-Y)-P=0)} (563)

for a given point Q := (Y, P) € R®" and the ground state ¥ is defined in (6). By neglecting
the small term —G/(2M)A(y/G) in the transport equation (51) and using the simplifica-
tion with the potential Ao(X) =0 and

T7(X)=|:X 0 } (54)
§ —X

we obtain the Landau-Zener model. The Landau-Zener model was constructed to model
and explain the dynamic transitions from the ground state to an excited state when the
electron potential surfaces cross or nearly cross (with a minimal distance §) and the
eigenstates change rapidly (near X = 0 for small values of §): the eigenvalues of V in (54)
are A4 (X) = £v/X? + 82 and the eigenvectors

1 8
v, = .
TR (X)) - X)? Lioo - X}

Remark 3.2. In the one-dimensional avoided crossing case (54) the electron eigenvec-
tors satisfy ¥, (X) = f(X/8) for a smooth function f:R — R? with

Jim w0 =

8
_O_

. 0]
lim ¥, (X)=

X——00 1

We see that

10x Wy |l L@ = OB,

for § # 0. The other eigenvector ¥_ satisfies the same bounds. Therefore, assumption (iii)

in Theorem2.1 holds for this avoided crossing with any § # 0. O

3.2.1 Ehrenfest dynamics

As far as computations are concerned, the system (51) is still very demanding due to
the Laplacian on the right-hand side. A further simplification mainly introduced for

computational reasons (and used in the computational examples of this paper) is the
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so-called Ehrenfest dynamics

Xt:Ptr

Pt — _V)“O(Xt) _ (dft, VV(Xt)wt) , (55)

(. )

iM~Y24, = V(X)) ¥,

which is an approximate WKB solution, by neglecting the small term —G/(2M)A(y/G)
in the transport equation and replacing the Eikonal equation with [P|?/2 + Aq(X) +
(Y, Vy)/(,¥) =E, as in [1]. If we write the wave function in its real and imaginary
parts ¢ =" + iy?, and use initial data that satisfy (1, ¥o) = 2M~'/2, then the Ehrenfest

dynamics (55) is a Hamiltonian system with the Hamiltonian
Hg =|P/2 + ho(X) + M2 (¥, V(X)¥)/2, (56)

using the primal variables X and 7, the dual variables P and v°. If the probability,
(¥+,¥1), to be in the excited state is small (using the projection in (8)), the Ehrenfest

Hamiltonian is O((y¥*, ¥1)) close to the Born—-Oppenheimer Hamiltonian |P|?/2 + Aq(X).

3.3 An estimate of the probability to be in excited states for matrix-valued potentials

This section presents a formal stability study of a perturbed eigenvalue problem that
provides an approximation for the probability to be in excited states, pex. The two ingre-
dients are first to determine the perturbation as a dynamic transition problem, related to
the Landau—Zener model, and thereafter to use the stability analysis of a matrix eigen-
value problem to identify the probability to be in the excited state with the squared
norm of the change of the eigenvector. The dynamic transition problem can be approx-
imated numerically using Ehrenfest dynamics, as described in Sections 3.2 and 4. Our
formulation of the perturbed eigenvalue problem is related to the transformation from
local WKB solutions, which relate to the dynamic transition probability pg, to a global
solution of the Schrodinger equation. In dimension 1, we view a local WKB solution as
a solution to the left of the hyperplane I (which is a point in dimension 1) and another
WKB solution to the right of the hyperplane. The continuity condition to match these
two WKB solutions to the right and left to one global differentiable solution forms the
eigenvalue problem we will study. The eigenvalue problem is consequently not formu-
lated directly for the unbounded Schrodinger operator. It is instead an eigenvalue prob-
lem with bounded solution operators obtained from WXB solutions. A reason we use this

form of the perturbation analysis is that small dynamic transition probabilities pz from
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Landau—Zener like dynamics can be viewed as small regular perturbations while the
corresponding perturbations of the potential in the Schrodinger equation is not small

and not regular. The construction is extended to several dimensions in Section 3.3.4.

3.3.1 The perturbed eigenvalue problem in one space dimension

Consider first the scalar Schrodinger eigenvalue problem in one space dimension.
Assume that we have solutions @ in the domain X>0 and @ in X <0, with
right and left limits limy_ o, @ (X) =: ®", limx_,o_ @(X) =: &%, and limx_ o, ®'(X) =: &7,
limy_,o_ @'(X)=: . In the one-dimensional case, the WKB method for an eigenvalue
problem typically gives a caustic to the left, with phase 6,, and a caustic to the right,
with phase 6, (see Section 3.1, (A.5), and (A.19)) so that

@ (X) ~ ¢ (X) cos(MY?6,.(X) —w/4) for X >0,
@ (X) ~ ¢y(X) cos(MY?6,(X) —w/4) for — X >0,

(57)

for smooth functions 6,, and ¢,,. The continuity condition in order to have a global

solution

@7‘ — ¢€
@/r — (p/é

can with the notation @” =: R"®" (and similarly for the limit to the left) be written

1 -1 [er
—0, (58)
el

which implies that the 2 x 2 matrix
1 -1
R _RZ

must be singular, that is, R = R’. For the WKB solutions, the derivative satisfies

R = —M"?6/(0) tan(M"/?6,(0) — m/4) + O(M°),
R = —M"?6,(0) tan(M*/?6,(0) — 7 /4) + O(MP).

The two eigenvalues of the matrix
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mo [\ I
A &/ /

X X——a X‘D X

Fig. 2. The eigenvalues A1 and A2 of the potential ¥ in the unperturbed (left) and perturbed
(right) cases as a function of position X. For X ¢ [—a, 0], the potential V(X) is diagonal in both
the unperturbed and perturbed cases while for X € [—a, 0] the potential V(X) is diagonal in the

unperturbed case and nondiagonal in the perturbed case.

satisfy

1- R 1-R\?
n=-— + 5 + R — R (59)

Consider the two decoupled scalar Schrodinger eigenvalue problems

1 1
(_H/IA—FM()O) @1 (X)=E®,(X) and <—mA+K2(X)> D(X) =EP2(X).  (60)

The continuity condition corresponding to (58) for (60) will be used as our unperturbed

eigenvalue problem, and in one space dimension this continuity condition becomes the

1 -1 0 o7
R -R i
0 1 -1 2
R, —Ry|]L®;

We consider a special case of the Schrédinger eigenvalue equation (2) in one space

unperturbed problem

=0. (61)

dimension where the potential is diagonal outside the interval [—a, 0], that is, V(X) =

MXx) o
0 XX

equation (60), as illustrated in Figure 2. To have a diagonal potential in the unperturbed

], X ¢[—a,0], and view it as a perturbation of the diagonal Schrodinger

case is not necessary. What is important is that the electron eigenvalues are well sepa-

rated so that the transition from ground state to excited states is negligible.
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The WKB-method (48) shows that
OE(X) := Y (X) G (X) eHM 0 (62)

are local solutions to the Schrodinger equation (2), with positive and negative wave
speeds +6'(X). When the path X; passes through a domain where the electron eigen-
values are close, the wave function ¢, (or ¢_) determined by the transport equation (47)
yields the probability py to transit from the ground state to an excited state, as in the
Landau-Zener model (49). For a WKB-solution (62), with & =®* (or ® =& ~), we can

define the transition operator St by

dH(0) =5t ot (—a) = Fﬁ Sﬂ [cpj(—a)} (63)
Sy Sh| | (—a

(and similarly for @~) by solving the eikonal and transport equations (51) with data
given on X = —a. The idea is that given the point X = —a and the momentum P in this
point the two first equations determine the path (X(t), P(t)). The third Schrodinger like
transport equation in (51) then yields a linear solution operator along this path deter-
mining ¢ at X=0 from ¢ at X = —a. Let us now determine S more precisely. We want
to determine the global effect of a small transit probability |S;;|? viewed as the per-
turbation to the eigenvalue problem (61) with St®*(—a) + S~ & (—a) replacing ®*. To

simplify the perturbation analysis, we factorize the transition

Su S| |1 Sezf||S: o

So1 S S 1 0 Sp
into a transition between the states S:=[g %2] and a diagonal matrix [S(l)l SO ], which
2

does not contribute to the transition between states. Since we are only int:erested in
estimates of the small components S = S12S,, and Sy; = 511S,;, we consider only per-
turbations generated by the transition matrix S. We note that the transition element So1
by (63) can be written as the 2-component of @(0) if ®(—a) = (1,0). Therefore, (62) shows

that the transition element

o _ St _ G0 M Oyy,(0) _ Y24(0)
AT 5T GL(0) MOy (0)  ¥14(0)

where |V (—a)|=1 (64)

can be determined by the WKB-amplitude function v, and similarly we have the tran-
sition element S,; =,_(0)/v¥1-(0). The dynamic transition probability p;, defined by
Ehrenfest dynamics in (52), measures in this case the amplitude squared in the excited

state at X =0 for a wave starting in X = —a in the ground state. Consequently, we have,
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for X; =0 and Q corresponding to the + wave speed in (62), that

pa(Q,0) = (¥1(0), ¥1(0)) — [(¥4.(0), o (0)) * = [¢14 (0)1% + 24 (0)|* — [¥14 (0)* = |92+ (0)]?

so that by (64) S5, = O(plli/z), as pg— 0 (namely as the spectral gap becomes large). We
assume for simplicity that the transition matrix S = S* is translation invariant, so that
@/, (0) = St @/ (—a). The total perturbation becomes the sum S@ := St®* + S~@~ of the
perturbations of the two WKB-solutions ®*, for the splitting @ = ®* + ®~. Hence, we

consider perturbations

1-0(p)  O(py" || 2i-a

P*(0)=S"P*(—a)=
1/2 +
O(pg") 1-0(pa) | | P; (@)

with the transition from the state 1 to state 2 determined by the matrix component Sj;,
which is of the (small) order p(li/z, where pg, defined in (52), is related to the Landau—
Zener probability. A reason to decompose the solution into WKB solutions is that their
transition is determined by the amplitude functions ¥, with approximately conserved
norm |{.(t)|. The approximate conservation follows from the conservation d% [y (®)]>=0
for the Ehrenfest dynamics (55) and the fact that the transport equation (47), determin-
ing ¥, becomes the Ehrenfest dynamics in the limit M — oo.

The perturbed eigenvalue condition becomes
(A+ B)rg =0, (65)

where

1 -1
) 0
A | LB -Ri {Al 0}

o 1 —1]] o a4
R, —-R

@, (0+)

&, (—a)

7"/3: ,
®,(0+) (66)
| P2(—a)
1 -5 0 —S12
At B R —-S;R. 0 -S;;R ’

0 —521 1 —522
| 0 —SuR; R, —SuR;

S®(—a)=S"dt(—a) + S P (—a), BeC*™*,
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and we want to determine the change in the eigenvector |rz — ro|* (which measures the
probability to be in the excited state) from the perturbed eigenvalue problem (65). For

this, we use the result in the following lemma, whose derivation follows [15].

Lemma 3.3. Assume that the matrix Ae C™" has n distinct eigenvalues, pu;, 0<j <
n—1. Let [; and r; be left and right eigenvectors of A, that is, [;A=pu;l;, Arj=u;rj,
satisfying

1 if j=k,

lj re=

0 ifj#k
For sufficiently small matrices g € C™", the eigenvectors and eigenvalues of the pertur-
bation matrix A + B are differentiable functions of 8. If rs and s denote the eigenvector
and eigenvalue to A+ g that equal the eigenpair (ry, o) to the matrix A for =0, we
have that

- (g — o) =~ P70 oq1p 67)
Mj— Ho
and
upg — o =1lo - Bro + o(|B)). (68)

O

Proof. That the eigenvectors and eigenvalues of A + g are differentiable functions of

in a neighborhood of 8 =0 follows directly by differentiation of the relations
(A+Br=upur, L(A+B)=ul.

Let B:=|B|~!B, where |8| is a matrix norm, for example, the Euclidean opera-
tor norm. Let r(y) and u(y) be the perturbed normalized eigenvector and eigenvalue

corresponding to ro and ug given by r(0) =ry and ©(0) = o, and
(A+yB)r(y) =uy)ry). (69)
Differentiation of (69) at y =0 gives
Ar'(0) + Br(0) = 1/ (0)r(0) + w(0)r'(0). (70)
Using that r(0) =1 and ©(0) = o and multiplying by /; from the left, we get
(nj — po)lj-r'(0)=1; - Ar'(0) — polj - r'(0) = —lj - Bro + ' (0)lj - ro=—1lj - Bry for j#0,

by the orthogonality between left and right eigenvectors. The Taylor expansion r(|8]) =
r(0) +r'(0)|B] + o(|B]) gives (67).
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To prove (68), we take the scalar product with [y from the left in (70), which gives
1'(0) =1y - Bry. The Taylor expansion u(|8]) = 1(0) + 1/(0)|8| + o(|B]) gives (68). |

The combination of (67) in Lemma 3.3 and the assumption that ry — ro =O(1), as

|| — 0+, also when |u; — pol is small, implies that

Libro +o(IB) if |uj— pol™t =0(BI7h),
ZJ'(rﬁ—T'())Z MJ Ho
o) otherwise ,

£j- Bro
- . +o(B8D)
mj — to +cll; - Brol sign(u; — po)

[and by the definition (u; — wo)® 1= i — o+ cle; - Brol sign(uj — po)l
L;- pro

=:——+ 71
G o U, (71)

for some positive constant ¢, which determines the perturbation orthogonal to ry. We
will also use that this representation holds separately for each perturbation S* and S—.
We do not determine the perturbation in the ry direction, which does not contribute
to the transition between states. We denote by rﬂl — 19 the projection of the perturba-
tion rg — rp on the hyperplane orthogonal to ry. Since this plane is spanned by the left
eigenvectors [y, ...,l,—1, we have by (67) in Lemma 3.3 that

Ty —ro=— Y L ﬂlf +o(18)).

l T'();éo

Returning to the perturbed problem (65), we recall from equation (59) that the

unperturbed eigenvalues are given by

_l—zRf_\/(l—zRf>2+R§_R;_
vl 1‘2Rf+/(1‘zﬂf)z+af—ﬂ;
) ) |

() e
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and the corresponding unperturbed eigenvectors are

(1= (1= u)?/R) TR (1,1~ 124,0,0) when j=0,1,

L= o and rj=
(0, 0’ 1, (1 I:J)/TBZ) When j: 2, 3- (OI 0/ ]-l 1 - ,LL]) When ]: 2’ 3'
(1—-(@1Q—puj)*/Ry)
Lemma 3.3 yields
1= (1 — o)t
pp — o =4%o - pro+o(|p) =1 — 5'11)1 1 ig)2 1 + 0(y/Pa) = o(\/Ppa). (72)
— (1 - po?%

To have the perturbed eigenvalue equal to zero means that we start with an unper-
turbed eigenvalue 1o = 0(,/ps) in order to obtain the perturbed eigenvalue ug =0, sat-
isfying (A+ B)rg =0. Using the unperturbed eigenvector ro= (1,1 + o(,/pa), 0,0), with
to = 0(,/Pa), yields a perturbation in the ¢; component from zero (in the third compo-
nent of ry) to

- (1= p*%

S;
7 j; (1j— 1) (1 = (1 — p1))?

0 + o(/pa) = O(/Pa) (73)
R
and its squared absolute value measures the probability to be in the excited state, that

is, the probability density |®;|?, which integrated yields pex defined in (8).

Remark 3.4. Having a zero eigenvalue of A; in (66) means that the scalar Schrodinger

eigenvalue problem

1
(—mA +A1()0) ?1(X) = EP1(X)

has a solution in the whole domain. We see from (73) that when also A, has a zero
eigenvalue u,; =0 we obtain a resonance in the sense that a small perturbation g (where
1S511 = O(1B8]) = O(py?) vields a large change in the eigenvector ry = ®, meaning that
the probability to be in the excited state (which by (73) is of the order |B|?/|u2|?) can
be of order one even if the perturbation g is tiny. Resonance means that the two
scalar Schrodinger eigenvalue problems have a coinciding eigenvalue E, see Figure 3.

An approximation of this probability is

1B12/114512 ~ pa/ (12 — 1ol? + & pa). (74)
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Probability to be in an excited state pex
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Fig. 3. Probabilities to be in the excited state, pex, using numerical approximation of (8), pre-
cisely defined in (87), and the estimations, pex, using the formula (75), obtained by solving the
discrete one-dimensional Schrodinger eigenvalue problem (86) with M =1, 000, 8=\/§M_0'2 ~
0.1946, C =0.09, and mesh size h=0.0001. (a) The probability pex. (b) The probability pex (left

panel) to be in an excited state compared with the estimate pex (right panel). (c) The probability

Dex (“0”) to be in an excited state compared with the estimate pex (“

*").
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3.3.2 Numerical test of the perturbation analysis

A method to numerically test the validity of the perturbation analysis leading to the
estimate (73), for the one-dimensional model, is to compare the probability to be in
excited states pex in (8) (determined from numerical approximation of the Schrodinger
equation (86)) with the expression (74) derived from (73) in the perturbation analysis. If
DPex Shows some similarity with (74), the perturbation analysis is in some sense justified.
The difference us — o, of the eigenvalues in (74), can be obtained from numerical
approximation of a difference E;x — E;x, of the eigenvalues of the decoupled sys-
tem (60), (1;(X) — %M—l%)qbi,k(X) = E; y®; x(X), i =1, 2, using the same centered differ-
ence approximation as in (86). Let & ={E; x| k=1, 2,3, ...} be the set of all E; eigenvalues,

fori=1,2. By the approximation
|z — pol> ~ C'|Erk — Ea > ~ C 7 Evk — Ezpl?/|E i — Ev gl

where k and k' is chosen such that E; y and E, are the closest to E and using two con-
stants C and C' =C~!/|E; x — E1x;1/%, we obtain the following estimate of the probability

to be in the excited state:

Dd

, (75)
C-YEY — EY2/|EL — ETM2 + pa

2 .
DPex :=

with C being a constant, E being an eigenvalue of the discrete two-state Schrodinger

equation corresponding to (75) and

E! :=argmin|E, — E|, ET":= argmin |E, — E!|,

Eie& Ei€& & E1£E}
E.:=argmin|E, — E}|, pg:=exp(—n8*vM/\/2(E — 1_(0))).
E2652

3.3.3 Conclusions

Figures 3 and 4 show that the estimation of the probabilities, pex, to be in the excited
state, obtained using the formula (75), and the numerically computed probabilities, pex,
to be in the excited state, obtained using the formula (87) from the solution of the dis-
crete one-dimensional Schrodinger eigenvalue problem (86), have similar qualitative
behavior in the following two aspects: (1) the minimal value of pex and pex are simi-
lar, and (2) when E is close to a resonance, seen for pe in (75) as |E} — E}| « |E} — ET*|,

both pex and pex become larger. By also adjusting the constant C in (75), the behavior
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Fig. 4. Probabilities to be in the excited state, pex, using numerical approximation of (8), pre-
cisely defined in (87), and the estimations, pex, using the formula (75), obtained by solving the
discrete one-dimensional Schrodinger eigenvalue problem (86) with M = 20, 000.

can also be quantitatively similar, see Figures 3 and 4. That is the perturbation analysis

seems to capture this resonance phenomenon, at least qualitatively.

3.3.4 The perturbed eigenvalue problem in the multi-dimensional case

The main idea to extend the one-dimensional perturbed eigenvalue problem to multi-
ple dimensions is to write the Schrodinger wave function as a phase-space integral of
highly oscillatory functions using the Fourier-Bros-Iagolnitzer transform (FBI trans-
form). This integral can be viewed as an integral over all hyperplanes I in R3¥ defined
in (53). Therefore, each FBI-mode can be initial data for a WKB solution (51) to the right
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of a hyperplane I in R®*" and a WKB solution to the left of the hyperplane. The condi-
tion to have a differentiable WKB solution across the hyperplane then uses the conti-
nuity condition (65), as the one-dimensional setting, for each point in the hyperplane.
The direction of the oscillations in the FBI-mode generates through the WKB-method
a molecular dynamics path and an amplitude function. The amplitude function solves,
along the path, a transport equation that is well approximated by Ehrenfest dynam-
ics (55) and can consequently be computed similarly as the molecular dynamics paths
but with smaller time steps, see Sections 3.2 and 4. The integral of WKB-solutions over
all hyperplanes contribute through their amplitude functions to the transition, S. We
will now explain this extension to multiple dimensions more precisely and then in the
next section show how to computationally approximate the probability to be in excited
states Dex.

We will use the FBI transform. We could use the standard semiclassical Fourier
transform as the initial data for the WKB-method but the FBI transform has the advan-
tage of giving the high frequency content locally in X, that is, microlocally, which yields

a more accurate WKB Ansatz. The important property of the FBI transform

To(Y, P):= (21/37T)—3N/4M9N/8/ eiMl/z(Y—X)-P—\Y—X|2M1/2/2(p(X) dx (76)
R3N

=0n
is the identity

¢=T"Tg (77)
for ¢ € L2(R3Y), where the adjoint operator T* is defined by

T*$(X) = ay / e IMFY=X)PoY=XEME/2 4,y Py dy dP
RSN

for example, for all Schwartz functions ¢ on RV, see [25]. Therefore, the integral repre-
sentation
&(X) =T TP (X)
:aMf e IMVA(Y=X)Po|Y=XPM*/2p gy Py dY d P
R6N '
yields suitable boundary data on hyperplanes (e.g., X; =0) for the WKB-method.

We will, for each point (Y, P)=: Q (in the classically allowed region), use a WKB-

function (41). In the case of caustics, this single WKB-function is replaced by a finite
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sum of WKB-functions based on the Legendre transform 6*(P) of 6(X), as explained in

Appendices 1 and 2,

Po(X)~ D pa(X; P¥)eM P, (78)
{(P*:Vp0} (P*)=X)

This WKB solution @, solves the Schrodinger eigenvalue problem (2) in the two domains
to the left and right of the hyperplane, with the boundary condition constructed so that
the WKB-mode @, (X) is equal to the FBI-mode

oy e—iMl/Z(Y—X)-P—|Y—X|2M1/2/2 T® (Y, P)

for X — Y in the hyperplane Lp :={q € R3" | g - P =0} orthogonal to P:

q-V0a(X)=q-P=0, forqeLpand X—YelLp, 79)
bo(X; P*) = ay TO(Q) e XYM 2 for X yelp.

The construction of the WKB-solutions in the case of caustics uses asymptotic conver-
gence as M — oo, described by the asymptotically equal sign ~, see [34, 51] and (A.19).

The obtained decomposition
d(X) :/ Po(X)da (80)
R6N

determines, for each Q, the corresponding operators R™‘. The total perturbation comes
from transitions from all ¢, along the paths: for each Q = (Y, P) we let the function
¢a(X;) solve the transport equation (47) along the WKB-path {X;}?°, and initialize ¢o(X-)
to the ground state ¥y(X;) each time X, is in the hyperplane (X; — Y) - P =0, generated
by Q. The perturbed wave function is then as in (64) determined by

(Pa(X), ¥i (X))

S O,X ,(pl - ’
5@, X0, #i(20) (Pa(X), ¥o(X))

which depends on Q, by relating v, in (64) with (¢q, W) and ¥, with (¢q, ¥;) in the

case of two states. Integrating over all Q yields the total perturbation, as in (66),

/ S(Q, X)®q(X)da
R6N
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at the point X. The corresponding perturbed eigenvalue problem (65) for the
wave function @, implies, as in (73), the following larger change in the excited

state:

PH(X) = P(X) — (Wo(X), (X)W (X)

4
1—(1—pp)?e
— [ sa@x 00 Y ﬁ B
RN —— (i — o) (1 — (1 — )2k
172 Jj=2,3 R,
=p; (Q,X)

2
+O< ) (81)

at the point X, where u; and R;'@ depend on Q. The index 1 in S now corresponds

da
)

/RGN 521(Q, X)@a(X)dQ

to the component in the ground state and the index 2 to be in an excited state,
that is,

D (X) = N (X)W (X) + y2(X)¥(X),
and y;(X) € C with the orthogonality conditions
(o, ¥H) =0, (o, ¥)=1, (¥, o) =1,

The eigenvalues of the unperturbed problem (59) vary highly due the oscilla-
tory functions R, with the phase M'/?6*(X). Figure 4 illustrates a consequence of this
variation and indicates that mean values of excitation probabilities corresponding to
eigenvalues in a neighborhood are more stable than individual excitations probabili-
ties. Let us therefore consider a local average of the probability to be in the excited
state based on a simple model of the smallest eigenvalue u, ~ tan(M2(6, —6%)) (in
the excited component) where we assume that |u;| has a bounded density, pq, defined
on R. In the case of one space dimension, we can fix a point X€R (in the classi-
cally allowed region) where u, is evaluated, that cuts the spatial domain into two. The
average then corresponds to an ensemble of Schrédinger eigenvalues localized around
E, related to a local mean value of excitation probabilities in Figure 4. We denote
this local average by A. In higher dimensions, we can similarly fix a codimension 1
cutting surface and evaluate p, on the surface. Let us now study the average exci-
tation probability in this model. Using that (u; — uo)® yields transition probabilities
bounded by one for each Q as in (71) and that outside a compact set (correspond-

ing to the classically allowed region) the factor |S;;(Q, X)®@q(X)| is negligible small,
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da
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/ 1521(Q, X)Po(X)|
R6N

2
[(p2 — o) i|

2
<CA |:f |521(?,X)‘150(X)| 2d0:|
ren |2 — pol? + €21S21(Q, X)|

1521(Q, X) Do (X)2
=C du;dQ
/RA i — 102 1 @IS, (@, X2 e i) Ak

Al(@H(X), dH(X)] < CA{

2
=Cf 1S1(Q, D)1 <X>|2f pauz) d—"2__qa
RN 21 @ R—czl'éfigf’;»z ave c?15::(Q, X)|
<Cf 1S21(Q, 018X Pllpal daf dx
= o 21 (L, PallL>R) L 11

=0 (/RGN |521(O,)O||¢()0|2d0) :

We conclude that in a model of local ensemble averages of eigenvalues E, assuming that
for each X the eigenvalue difference |12 — 1ol has a bounded density, then the average

probability to be in the excited state has the bound

A[pex]=(9</ / |821(O,)0||¢a(?0|2d0dX>,
R3N JR6N

which, by (81) can be written as the average of the square root of the dynamic transition

probability py
Ax[pex1=o</ f pi2(Q, X)|Pa(X)*da dX>. (82)
R3N JR6N

3.3.5 Ergodic computation of probabilities to be in excited states

The FBI transform satisfies
I TP r2wevy = D |l L2wrevy =1

and T® concentrates on the phase-space set Hy(Y, P) =|P|?/2 4+ Ao(Y) = E in the limit
as M — oo and pexy — 0+, see [25]. When the dynamics is ergodic, the phase-space mea-
sure is in addition uniform on the set E < Hy(Q) < E + y as y — 0+, cf. [37]. The WKB
functions @, (X) behave similarly as T® locally, since their initial conditions are given
by T® and they solve the Schrodinger equation. We may write Sy1(Q, X) =: $;:(Q; X, P)
where P is the momentum for the path at the position X that started in the plane given

by Q= (Y, P’), since this P is a function of Q and X. Therefore, we approximate pex by
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the following time average of pcli/ 2

JE<Hy(Q)<E+y 1S21(Q; X, P)] da JE<Hy(@) <4y 1S21(X, P; Q)] dQ
Pex ~ lim = lim dx
y—0+ JR3n fE<Hg(Q)<E+y da y—>0+ R3N fE<H()(Q)<E+)/ da
: T dt
= llm |821(X1P1thPt)|_Xm (83)
T—o0 JR3N Jo T

=pi*(x; X,

Algorithm 1 Approximations of the probabilities, pex, to be in excited states using

molecular dynamics in 2D based on (83)
Input: Energy E; potential functions V; mass M; time T; initial position Xy, initial

momentum Py.

Output: Approximated probability f)ex to be in excited states.

1. Sampling of initialization times {T}},, and hyperplane coordinates {Xr,, Pr,}n:
Set t < 0,n<0,T, < 0 and (Xr, Pr,) < (Xo, Py) and define the hyperplane ?;ﬂ ={Xe
R?|X - P, =0}.
while T,, < T do
Simulate the ground state Born-Oppenheimer molecular dynamics for (X;, P;) until
X; crosses the plane ?;ﬂ
At the crossing time, set n<n+1,T, <t and (X, Pr,) < (X;, P;) and define the
hyperplane ?;ﬂ ={XeR%X.-Pr,=0).
end while

2. Solve the Ehrenfest molecular dynamics using the Stormer-Verlet method with the
entries in {Ti, Xz, Pg,}", as input parameters and compute Pey :
temp <0
fork=0ton—1do
Hh < T
b < Tkt
Xi, <~ }_(Tk
Py ?Tk
Vo =V_(Xy)
{X;, Py, ¥} < Ehrenfest dynamics path obtained from time ¢tot, with initial data
Xu, Py, Yy
temp < temp + [,* |y, W, (X)) | dt
end for

ﬁex <~ temp/T,
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Fig.5. Illustration of the sampling of hyperplanes and initialization times described in part 1 of
Algorithm 1. Left figure: the two-dimensional Born—-Oppenheimer molecular dynamics trajectory
X; (blue line) with initial conditions Xz, = (—2,0.5) and XTO = Pr, is simulated until the time t=T
when it crosses the hyperplane P%O (dashed line). Right figure: a new hyperplane Pﬁ (dash-dotted
line) is constructed and the trajectory of X; is simulated further until the time ¢t = T» when it

crosses that hyperplane. The sampling procedure is iterated until the final time is reached.

where we used that the transition probability S»;(Q; X, P) = S;;(X, P; Q) is symmetric
by reversing time ¢ to —t¢. In fact, along a given path {X;}] , also the momentum P’, at
position Y’, is determined by the position Y’ and X; so that p(li/z(Y/; X)) =S,(Y, P; Xy, Py)
is well defined. The relation (83) means that we sample square roots, pcll/z(X; X;), of tran-
sition probabilities along the molecular dynamics path, normalized for each passage
through a hyperplane, and then take the average of all hyperplanes. In our computa-
tions, we sample hyperplanes by means of the phase-space trajectory of ground state

Born-Oppenheimer molecular dynamics, cf. Algorithm 1 and Figure 5.

4 Numerical Examples

The purpose of this section is to present two simple model problems, where the
Schrodinger eigenvalue solution can be studied computationally and compared with

the molecular dynamics approximation. In the following subsections, we

e show that the dynamic transition probability p; in (52) can be determined by
numerical solution of Ehrenfest dynamics,

e verify assumption (26) on exponential convergence rate in finite time,
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e compare numerical approximations of observables from the Schrodinger
equation and Born—-Oppenheimer molecular dynamics,

e compare approximations of the probability to be in excited states pex from the
Schrodinger equation with the molecular dynamics approximation foex from
Algorithm 1.

4.1 Model 1: a one-dimensional problem

We consider the one-dimensional, time-independent Schrédinger equation (2) with the
heavy-particle coordinate X € R, two electron states J =2, and the Hamiltonian opera-
tor, I:I(}Q, defined by
. 1 92
HX)=V(X)— -M'— 84
(X):=V(X) — M (84)

with the potential operator V defined by the matrix

(85)

S |:X+ r(X) P } ’

b —X+rX)

where the parameter § is a non-negative constant and the function r: R — R is given by
(@a—-X?* ifX<a,

rX):=3(X-a)? if X>a,

0 otherwise.

For each X, the potential V defines the eigenvalue problem V(X)¥.(X) =1L (X)¥i(X),
with the two eigenvalues 1. (X) € R and two eigenvectors ¥, (X) € R?, The eigenvalues are
given by A4 (X) =r(X) £ vV/X? + 82, and ¥_(X) and ¥, (X), respectively, denote the ground
and the excited state vector.

Choosing § =0 gives a conical intersection at X=0, and a positive value of §
gives a minimum gap 2§ between A_(X) and 1, (X) at X=0. A small value of § corre-
sponds to a large probability to be in excited states and a large value of § corresponds
to a small probability to be in excited states. Figure 6 illustrates examples of small and

large spectral gaps between A, and A_ with two different values of §, respectively.

4.1.1 The one-dimensional discretized Schrodinger equation

We use a central difference method to solve the one-dimensional two-state Schrodinger
equation (2) in the domain Xe (—27,27) with (@,a)=(-2,3), mesh size h=
47 /[10M°%/%], and partition X/ = —27 + jh, j=0,1,2,...,[10M%%]. The approximation of
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Va0 ax]

Fig. 6. Eigenvalues of the potential matrix (85) for small and large values of the parameter §

corresponding to the small and large minimum gaps between the eigenvalues, respectively.

the eigenvalue problem with the eigenvector components qb,{ ~ @ (X’) and corresponding

eigenvalue E, € R becomes

1 o) ' —20] + 0!
2M h?

+V(X))®] = Ep®] for j=1,2,...,[10M**—1,  (86)

using homogeneous Dirichlet boundary conditions @ = @10 =0,

The approximation of the probability p.x to be in the excited state is given by

_ ~Jj=0
ex [10M3/4], £ ] 47
Yiso (P D})

[1om®41, »j i\ 2
(Dj,, V(X))
s . (87)

4.1.2 Approximation of the dynamic transition probability py

We show in this computational example that the dynamic transition probability, pg,
defined in (52), can be obtained from Ehrenfest molecular dynamics simulations (55)

using the following formula:

(W (X)), v) |

' (88)
(V4 (Xp), Wy (Xp))

pa(t) =

with t € R denoting the time. We observe that numerical experiments illustrate that the
transition probability ps(t) approximates, as time tends to infinity, the Landau-Zener
probability prz as defined in (50), given the Landau-Zener model (49), see Figure 8.

We approximate the solution of the transport equation (47) by the Ehrenfest

molecular dynamics simulations (55) with Ag=A_ (equal to the smallest eigenvalue



50 C. Bayer et al.

M=12,800, 5= M~%2°

81 ‘ ‘
5 — (¥, V(X1)¥e) A;‘\A
6f S B

' o A (Xy)
al A-(Xy) !_,-’V |
Ol f
\ ’,"

ol N S ‘ ‘ ]
0 1 2 3 4

Fig.7. The potential energy function, t+— (Y, V(X;)¥), approximated from the Ehrenfest molec-
ular dynamics simulations (55), deviates away from the eigenvalues after the avoided crossing, if
the gap is small and the mass is sufficiently small.

of V in(85)) in the Hamiltonian (56). For this computational example, we choose
E=1, (@,a)=(—2,2) and the initial conditions t=0, Xo=—4.0, Yo =¥_(Xp), and Py =
V2(E —A_(Xp)). We approximate the solution of the molecular dynamics using the
Stormer-Verlet method, [18], based on the two symplectic Euler steps,

. . At .
Vi = Vi~ VMV (XY,

Py = P— 5 (3000 + (W 70w + (v, V000, ))

Xip1 = X+ AtPy, 1,

At . . , (89)
Vi =i + 5 VMV (X + V(X)W

; ; At "
WIlc-i-l = W;H% - 7’\’ MV(XkH)w;CH,
At g A .
Per =Py = - (WoXiern) + (W, VXKW + (0, V Kisnw, ))
4.1.3 Conclusions

Figure 7 illustrates that the potential energy function t+ (Y, V(X;)¥,), obtained

from the Ehrenfest molecular dynamics simulations is equal to the ground state
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energy, A_(X;), until the dynamics reaches the avoided conical intersection. Then it devi-
ates from the ground state energy and continues in between the ground and excited state
energies.

Figure 8 shows that the transition probability, p4(t), obtained using the for-
mula (88) based on Ehrenfest molecular dynamics simulations, remains zero until it
reaches the avoided conical intersection and then it oscillates near the avoided conical

intersection region and approaches prz asymptotically as t — oo.

4.2 Model 2: a two-dimensional problem

We consider the two-dimensional, time-independent Schrodinger equation (2) with the
heavy-particle coordinate X = (X7, X») € R?, and two electron states J = 2. The Hamilto-
nian is

HX)=V(X)— sM Ay,
with

V(X) = (3(X} + aX3) + Bsin(X; X)) I + 1 [ (90)

=:As(X)

v1(X)  va(X)
(X)) —uX) |’

where I is the 2 x 2 identity matrix, the functions v;,v,:R? — R are given by (A) or
(B) below, and « =+/2, =2, and n=1/2. As in Model 1, we have for each X the
eigenvalue problem, V(X)¥.(X)=AL(X)¥,(X), with the eigenvalues A.(X)=2As(X) £
n\/(vl(X))2 + (v2(X))? and the ground state and excited state eigenvectors ¥_(X) and

v, (X), respectively. We choose the energy, E = 1.5. In this example, we study the follow-

ing two cases of interactions between the two potential surfaces A, and A_:

(A) A lineintersection. We choose v, (X) = arctan(X; /n) and v,(X) = §/n, where §
is a non-negative constant that defines the minimum distance between the
potential surfaces. In this example, the potential surfaces intersect each
other (for § = 0) or have the minimum distance between each other at the line
X; =0. Here, choosing a small value for § corresponds to a large probability
to be in excited states and a large value for § will give a small probability
to be in excited states. The parameter § in this two-dimensional example
is analogous to the parameter § in the one-dimensional example given in
Section 4.1.

(B) A conical intersection. We choose v, (X) = arctan((X; — a;)/n) and vz (X) =
arctan((X; — az)/n) with a=(a;, @) € R? being a chosen point in the two-

dimensional space. If a is chosen such that A.(a) are smaller than the
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Fig. 8. Estimation of the Landau-Zener probability, prz, from the Ehrenfest molecular dynam-
ics simulations (55). The estimation, p4(t), overshoots near the avoided crossing and eventually

stailizes around prz. The overshoot period and the relative magnitude are more prominent for the

cases of smaller Landau-Zener probabilities.
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energy, E, we have a conical intersection between the potential surfaces
at the point a in the classically allowed region R:={X:A_(X) < E}, other-
wise we have a positive gap between the potential surfaces in the domain
R. Here, choosing a in the origin gives a larger absolute momentum, |P|, at
the conical intersection whereas choosing a far from the origin will yield
a smaller |P|, which yield larger and smaller probabilities to be in excited

states, respectively. Figure 9 shows level curves of the eigenvalues, along

Eigenvalue level curves Eigenvalue level curves

3r l+ =E 3r A= £
A= A =E
ol . 2r x g
MD path
1t 1
><N o- ><N or
1t -1r
ol ot
3 ‘ ‘ ‘ ‘ : : . -3 | L I I I I L
R a— 0 1 5 3 3 2 A 0 1 2 3
X X
| 1
. Eigenvalue level curves 7 =E 5 Eigenvalue level curves — A =E
a-E v =E
ol , . a 2k « a
MD path MD path
1t T
><N ot ><N Oor *
1+ -1r
_or —2r
_ ‘ ‘ ‘ ‘ ‘ w -3 : ; ; ‘
3 3 5 3 1 > 3 -3 -2 -1 1 2 3

Xofl

Fig. 9. Level curves of the eigenvalues A1 of the potential (90) at the energy E = 1.5 with con-
ical intersection points a= (0, 0), (1.75, 0), (2.25, 0), and (3.5, 0), respectively. We illustrate exam-
ples of the Ehrenfest molecular dynamics (55) paths computed using Stormer-Verlet method (89)
with mass M = 100, time t € [0, 100], time steps At = 1/(32\/%, and initial data Xg =[-—2,0.5], Py =
[1,/2(E — »—(Xo)) — 1], and yo = ¥_(Xo).
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with example molecular dynamics paths, for varying conical intersection

points.

4.2.1 The two-dimensional discretized Schrodinger equation

We use a standard finite difference method to discretize the two-dimensional
Schrodinger eigenvalue problem (2) with mesh size h in both the X; and X, direc-
tions in the computational domain 2 =[—4,4]?. The unknown eigenvalue components
®}* ~ o (X7%), with the nodal point X/* = (—4 + jh, -4+ kh) for j k=1,2,...,8/h—1,

solve the discrete eigenvalue problem

) + V(XID]F = Epdl* (91)

] qjijl'_uc B 2<D;{'k+ q§;{+1,k ¢}]l',k—1 B 2<pi]l',k+ qj}{,kﬂ
2M h? h?

with homogeneous Dirichlet boundary conditions and h=1/(4v/M). We use the solu-
tion of the discrete Schrodinger eigenvalue problem to determine the approximate
Schrodinger observables

>k 9(XTF) p (XTI

BT See@H %2

with g(X) :R? = R and p(X) = |Pn(X)|?.

The value of the molecular dynamics observable, gup, is given by

fE<H0(X,P)<E+5 g(X,P)dXdP
dxdp

'MD = lim
9 §—0

’

fE<H0(X,P)<E+8

which, for the two-dimensional case, can be written as (For a fixed X eR¢%, P-

integration using spherical coordinates in the shell E < |P|?/2 + Aq(X) < E + § yields the

v E—ho(X)+8
VE—=xo(X)

and the additional factor (E — Ao(X))¥?~! for d+2.)

P-dependence [| P| which differentiated with respect to § gives (93) for d=2

_ fHo(X,O)sE g(xX)dx

gvp = ix (93)

fHo(X,O)SE

when g depends only on X.

4.2.2 Verification of the ergodic rate condition (26)

Figure 10 determines the convergence rate y in assumption (26) based on numerical

approximation of the ergodic projected stochastic dynamics (19). The numerical method
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Fig. 10. The figure shows the function T+ T~ !log(T~! fﬁT(]E[g o S0(Zo)] — gup(Zo)) dt), which
approximates the decay rate 2y in assumption (26), for the projected dynamics (19) with the
potential L(X) = X%/Z + XS/«/E + 2sin(X; X») and energy E = H(Zg) = 1.5. The empirical mean is
Elg o Sio(Z0)]:= YN, sin(X1 (t; m) X2(t; n))/N and the number of stochastic paths are N =2 x 10°.
The initial point is Zg = (0,0, v/1.5,4/1.5) and (X(t; n), P(t; n)) is the phase-space point for sample
path n at time ¢t determined by the numerical method (94) for time steps At =0.01. The solid curve
is for diffusion coefficient ¢ = 1074, the dashed for € = 10~2, and the dashed dot for ¢ = 0.25. Here

the approximation gyp(Zg) = —0.4388 is determined by an accurate Monte Carlo simulation in the
microcanonical ensemble.

is given by the steps Z(nAt) — Z((n+ 1)At) satisfying

(X, P) = Z(nAv),
X, =X+ PAt,
P, =P — VA(X,)At,
Z'= (X, P, (94
Z2=27' + JeP(Z") AW,
Z3 =272 + uVH(Z%)/|VH(Z?)),
Z((n+1)At) =25,

where peR is chosen so that H(Z?+uVH(Z?)/|VH(Z?)|)=E. Here AW=
VA&, E2,83,&E) and & are all independent taking values 41 with probability
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1/2. The temperature parameter is 7 =1/2. This scheme with phase-space path
{Z (nAt) = (X(nAt), P(nAt)) |[n=0,1,2,...} satisfies the convergence assumptions in [12]
so that E[g(X(T), P(T)) — g(X(T), P(T))] = O(At), uniformly in T. (Related to examples
(4.15) and (4.7) in [12].) Figure 10 shows that in this case 2y > 0.2. The maximal
Lyapunov constant is determined numerically to C =0.35 and the convergence rate
exponent y/(C + y) in Theorem 2.1 becomes 0.1/0.45 ~0.2.

4.2.3 Convergence of observables in two dimensions

Figures 11 and 12 show that the Schrodinger observables, gs, are close to the ergodic
molecular dynamics observables, gyp. We can compare the numerical results in Fig-
ures 11 and 12 with Theorem 2.2 for the case when the probabilities to be in the excited
state, pex, are small, as in Figure 13 for a= (5, 0) in the conical intersection case. We see
in Figures 11 and 12 that the standard deviation of |gs — gup| for M = 3,200 is roughly
1/2 times of the standard deviation for M =200, that is, the numerical results agree

roughly with an O(M~1/%) estimate in the theorem, see Table 1.

4.2.4 Approximation of the probability to be in excited states

We approximate the probability to be in the excited state, pex, from the Schodinger
equation by the approximation, f?ex, from Algorithm 1, using Ehrenfest molecular
dynamics simulations based on the Stormer-Verlet method as in (89). We choose
t0=0, Po=I1,/2(E —1_(Xo)) — 1], Yyo=¥_(Xy), Xo=1I2,—-0.5] (line intersection) and

Xo=1[-2,0.5] (conical intersection).

4.2.5 Conclusions

Figure 14 shows the probabilities, pex, to be in the excited state determined from the
discrete Schrodinger eigenvalue problem (91) based on the formula (87). We note that
for large gaps, in the right column, the probabilities to be in the excited state, pex, are
either small or close to one, as expected, while for small gaps, in the left column, pe
takes values in the whole interval [0, 1]. We also observe the lack of the structure present
in the analogous Figure 4 for the one-dimensional case, due to not having the resonances
ordered with the eigenvalues as in the one-dimensional case discussed in Remark 3.4.
Figure 13 shows p.x determined from the discrete Schrodinger eigenvalue prob-
lem and from molecular dynamics simulations for both line and conical intersec-

tion cases computed by Algorithm 1. The shapes of the respective methods’ solutions
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Fig. 11. Schrédinger observables, gs, as a function of Schrédinger eigenvalues, Ej, for mass
M =200, and the conical intersection case with a= (5,0) outside the classically allowed region,
compared with the corresponding molecular dynamics observables, gnp, which we compute using
Monte Carlo integrations based on the formula (93). The plots show that the solutions obtained
with the mesh size h=1/(4vM), h=1/(8v/M), and h=1/(16+/M) are comparable, whereas the
solution obtained with the mesh size h = 1/(2+/M) appears less accurate.



58 C. Bayer et al.

M= 3200, a=(5,0), g= sin2(X1X2) M=3200, a=(5,0), g= sinZ(x1x2)
0.44 : 0.44 :
+ +
0.42 - 8 0.42 - 1
o
04 ° ° ‘ 00 ° 0 + o ® ’ oooo °
04F 0 0 g * 0o% 0 s @ 0.4 o o Co g s il
d ey B eay S e S 0 hten e S o 1 e
ALY *M-J}a '0‘9%: gQ"‘%‘f "'5?‘1 -tg&’q,- & 5-'—‘ o+ 8 9%:’?‘*9‘-%9%9‘.
038 *+BPTo TR Sopphise J o 038 [ *9 1000, mm%“"vgﬁ;’w Foo
* 0% °+9)§% ® b o 470 e *° ¢ *08%63'0" *© o®+ T+ g o 8 %
* * o o * * o 0® ]
o o * . o +,
0.36 o ° 1 0.36 1
0.34 ==~ 0.34 ==~
84 _a-ag-120] .34 - 12
+ gs’AX_4 M N gS,AX—4 M
_ o112 _ o112
0.32 o JgMx=2"M 032 | o g Mx=8"M
1.49 1.495 1.5 1.505 1.51 1.49 1.495 1.5 1.505 1.51
M=3200, a=(5,0), g=1 (X) M=3200, a=(5,0), g= 1 (X)
0.1 0.1
---%o
0.05 | . O Ax = 4712 1 0.05 ]
—1p 172 L |
0[] o 9gMx=2"M 1 0 o
0.05 ot 0.05 ORI SP
_ L + B =U. r ¥+ o Q7
' s { + + iy e ™ K * J O‘Q +0 00 Ona? 8 +a0 b q
3 + + + + Po o + 4+ & Q
01 _‘_‘:.‘_ _:54.*_‘1‘_ 9&3@1-&? :7 -3;}‘0—:"0:';'*‘-, -0.1 _o_%+ny‘o+*_t%g b*’ﬂ&'ﬁg‘:ﬁ'ﬁo@%’s@gi
0 G400 0+ O 0P ortaf bl @ * 0+ 4@ Hy , Q@ tH rfesnO +
WO e vy o O %o M5 PR OO %60‘ ¥ %’o@’gop* % + o AR ot
_0'157’6)00‘80 é)% o()g,o&)%%qi g% ° L ‘8’ ) -0.15 | (;00 0© # + ° + 6 o bO + "‘: 7
o B + ot °°., o 0100 + + - i +
o + | o
02 0% o o 4 o, 05 -0.2
---9
o MD
-0.25 1 1 -0.25 1 ; A a2
s T
-0.3 1 -03 1 _ -y g2
o gS,Ax_S M
1.49 1.495 1.5 1.505 1.51 1.49 1.495 1.5 1.505 1.51

Fig. 12. Schrodinger observables, gs, as a function of Schrodinger eigenvalues, Ej, for mass
M = 3,200, and the conical intersection case with a = (5, 0) outside the classically allowed region,
compared with the corresponding molecular dynamics observables, gyp, which we compute using
Monte Carlo integrations based on the formula (93). The plots show that the solutions obtained
with the mesh size h=1/(4v/M) and h = 1/(8v/ M) are comparable, whereas the solutions obtained
with the mesh size h=1/(2+/M) appear less accurate.

are similar, especially when the probability to be in the exited state, pex, is small.
Figure 15 presents an empirical probability density of inter-arrival hitting times of

hyperplanes, cf. Algorithm 1. The empirical density is well approximated by a heavy
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Fig. 13. Plots showing pex estimated from the solution of the discrete Schrdodinger eigen-
value problems (left column) and the corresponding fpex estimated by the molecular dynamics
Algorithm 1 (right column) for the line intersection cases (first row) and conical intersection cases
(second row). The Schrodinger solution is computed by averaging the solutions for 20 eigenvalues
around E = 1.5 for the line intersection and by averaging the solutions for 500 eigenvalues around
E =1.5 for the conical intersection.

tailed Burr XII probability density, which indicates that long inter-arrival hitting times
are non-negligible. In Figure 16, we observe an expected decay of O(T~1/2) for the
relative error | f)eX(T) — f)ex| / foex when studying the conical intersection problem with
a=(5,0). In the more unstable parameter setting of a=(0,0), however, the error decay
is slower with an observed rate of convergence slightly slower than the expected
—1/2. This might be due to a longer correlation length in the molecular dynamics
and hyperplane sampling of Algorithm 1 when the parameter values of a are close
to (0, 0).
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Table 1 Numerical results for the order of convergence of the observables in two-dimensional

as explained in Section 4.2.3

g=sin®(X) Xy) g=1r(X)
€so —0.3079 —0.3159
ew —0.3052 —0.2506
el —0.2744 —0.2950
e —0.2671 —0.2890

The table shows p where the order of convergence is O(M?). The convergence rate
is computed as o= (loge(M;) — loge(My))/(log My — log M), with e(lf;) being the norm of
error corresponding to the mass M;, where M; =200, and M; =3200. We use the norms
€so =Mmax; [(gs — gmp)(Ei)|, ew=1)_;(gs — gup)(Ei)|/Ng, e1 =) _; 1(gs — gup)(E;)|/Ng, and e =
\/Zi((gs — gup)(E;))%/Ng, with Ng being the number of eigenvalues E;.

Remark 4.1 (Extension to higher dimension). The formation of a conical intersection
for a 2 x 2 symmetric matrix V requires the eigenvalues to be equal, which means that
the off diagonal element is zero and the diagonal elements are equal at an intersection
point. To have a conical intersection point is therefore generic in dimension 2 and in
higher dimensions the intersection is typically a codimension 2 set. An implementa-
tion of the algorithm for computing f)ex in higher dimensions and for potentials used
in chemistry is future work. The relevant geometry in the multi-dimensional case is
the distance to this codimension 2 set, which makes the link to two-dimensional case

studied here. O

5 Regularity and Weyl Calculus

This section establishes four lemmas where the last three are used in Theorems 2.1
and 2.2. The first lemma proves the bound (24) on derivatives of the solution w(t, Z) =
Elg o St+(Z)] to (22), which verifies that assumption (v) in Theorem 2.1 holds for a case
with a near crossing of eigenvalues. The second lemma derives L?-bounds on Weyl quan-
tized operators obtained from mollified symbols, the third and fourth lemmas estimate
remainder terms related to the Weyl quantization and establishes the Moyal expansion
for the setting used in the proofs of Theorems 2.1 and 2.2.

We will use equation (21) written as the Ito equation
dZ, = a(Z,) dt + b(Z,) AW (95)

for the molecular dynamics path Z: [0, T] x 2 — R%Y, where £2 is the sample space and

assume that the Jacobians @' and b’ and the higher order derivatives d5a(Z) € ROMD
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Fig. 14. Probabilities, pex, to be in the excited state as a function of the eigenvalues, Ep,

computed from the solution of the two-dimensional Schrodinger equations and based on the for-

mula (87). The first row corresponds to the line intersection for two different values of §; the sec-

ond row corresponds to the conical intersection case for the intersection point a= (1.5, 0) inside

and a= (4.5,0) outside the classically allowed region. We note that the plots contain the probabil-

ities to be in the excited state, pex, for 20 and 1, 000 eigenvalues for line and conical intersection

cases, respectively. (a) Line intersection, (b) line intersection, (c) conical intersection, and (d) con-

ical intersection.
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Fig. 15. Normalized histogram of the inter-arrival initialization times obtained by Algorithm 1
when applied to the conical intersection problem with a = (5,0) and M = 12,800, and, for compar-
ison, the probability density function of the Burr XII distribution with parameter values « = 1.65,
c=3.6, and k= 0.5. We do not know why this distribution fits reasonably well to the data.

with || =nforn=1,2,3,..., satisfy the £? bounds

1@ l2,00 + 101500 = O ™),

2 (96)
185 all2,00 + 195bI1% o = OB 71,

uniformly in N (but not in |«|). Here we use the ¢? (Frobenius) norm: assume that |a| =n
then [|0%all2 = \/Zlalzn Z?ivl |03a;|? and the notation

la(Z o) ||2,00 1= sup [|a(Zs(@)) 2.

weS2

Lemma 5.1. Assume (96) and that the near crossing is weak, with nonvanishing veloc-

ity P across the near crossing, namely that
max [|A7(X)]l2 < csd
XeR3N
T
f IAI(X) 200 dE < CT, 97)
0

T
/ (1092 (X |12 @ d¢ < ¢, Ts ™,
0



Computational Error Estimates for Molecular Dynamics 63

T

M =1,600 a =(0,0) M =12,800, a =(0,0)

107 F 2 2 2 3
4 : _ |pex(ﬂ_pex|/pex
10 ? _ 1/\/—T é
107 L S R Y R
10' 10 10° 10* 10°
T

M =1,600, a =(5,0) M=12,800, a =(5,0)

Fig.16. Convergence plots for f?ex obtained for the hyperplane sampling and molecular dynamics
simulation methods in Algorithm 1 applied to the conical intersection problem.

for a constant ¢s < 1/logé~! and constants C, independent of §, M, N, and €. Then for

each multi-index g there is a constant C, independent of M, §, N, and ¢, such that
sup ”aZﬂOE[g o ST(ZO) I ZO]HZ < eC(T+1)8min(0,*|ﬁ|+1). (98)

Zo cR6N

Proof. Remark 5.2 motives the assumptions. First we study solutions w: [0, T] x 2 —

RSY to the linearized Ito equation

dw; = d' (Z)w, dt + b'(Zp)w; AW, + o dt + B, A,
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where Z; solves (95)—(21) and the stochastic processes o : [0, T] x 2 — R®" and 8:[0, T] x

Q2 — ROV*6N gatisfy for each ne N\ 0 and some positive number m the bound

t
f BB 127 Zol ds = O(eCH),
c (99)
/ (Elas |27 Zo)) /@ ds = O(e5™).
0

Ito’s formula implies

dE[|lw¢l3 | Zo] = 2E[w; - dw; | Zo] + Eldw, - dw; | Zo]
< 2E[||d (Z)ll2|lwellZ 1Zo] dt + ELIY (Zo) 2l well2 |Zo] dt
+ 2El[|lwell2llaell2 1Zol At + ELI 8IS + 211 Bell2 1B} ll2llwell2 | Zol dt
< 2Ia(ZD) 1200 + 1B (Z) 15 ) Elllwell3 | Zol dt + El2[lwell2lleell2 + 18113 | Zol dt,

where by assumption (96) we have 2||@}|2,00 + [1D}]|5 .. = O~ +€672) =O(57") and by (97)
there holds fot 2]\ ll2,00 + D513 o ds = O(t). Here |15 .o = >_; 1D} |I5 o.- We use € <8, with
the arbitrarily small diffusion constant € in (19), so that the contribution from 5" and g
are negligible compared with those from @’ and «. Gronwall’s inequality shows that

t

Elllwel|3 | Zol < (E[||wo||§|zol+ / E2||wsl2llesll2 + | BslIZ | Zol ds) eJ0 2112+ IB{I3 o, ds
0

t
< (E[nwoui 1Zo] + f 2,/Elllwel3 | Zol\/Elllas |3 | Zol + EllI 113 | Zo] ds) e,
0

(100)
which by (99) implies
t
sup \/Elfjws/13 | Zo] < e°* (\/Elnwon% | Zo] +/ 2,/Elllas|3| Zol ds + 0<e“)>
O<s<t 0
=e®'oE™™) (101)

provided this holds initially for ¢=0. Analogously for n> 1, we obtain by Holder's
inequality
dIE[||wt||§”| Zy]

2(n-2) (W - dwy)?

_ [nwtn?"”wt - dws + n(n— 1) w2 .

_vdwy - dw
+ w2 ”% | Zoi|

= nEl w27V (we - awy dt + wy - @ dt) + h.o.t.] Zo]
< nEl|wellZM a2 | Zo) dt + nE[||w||3™ * [leell2 | Zol At + h.o.t.
< nEl||we|3"| a2 | Zol At + n(Ell|welI3™ | Zol)' ™/ Elfleeell3™ | Zo))'/*™ dt + h.o.t.
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so that

t
sup (E[[ws[|3" [Zo])/?™ < et ((Etnwou%” | Zo]) M/ 4 / 2(Elflec |3 | Zo])Y/ ™ ds+0(e“))
O<s<t 0

=e®'OE™™) (102)

provided this holds initially for t=0
The first variation Z; =9Z;/0Z, satisfies

dZ,=d(Zy)Z,dt + b (Zy) Z, dW,
so that (101), for m =0, implies
El Z;13"| Zol = O,
The second variation satisfies
dz! =d/(Z)Z] dt + b (Z)Z] AW; + @' (Z) Z,Z, dt + b (Z) Z,Z,, AW,

We have for o =a’Z’'Z’ that

2
la'z'z'15=3_ (Z A )

ijk \ rq

<> (@)’ Z(z Zpy)

ijk rq

=) (@)? Z(Z;,-Z;k)
irq rqjk

=a"|31Z'|3, (103)

and similarly for B8, which combined with Ito’s formula and Gronwall’s inequality as

VEUNZ13 1Zo) =0~ e

using (97), that (102) yields (E[[| Z}]|8 | Zo])'/* = O(e“?) and

above imply

f JEla! 221131 Zol ds < / (Ella] 1131 Zo) (Bl Z;13 | Zoh) /4 ds < eS*OG ™).
Also the higher variations satisfy

dz™ =a/(Z)Z™ dt + b (Z) 2™ AW, + o, dt + B; AT,
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where the stochastic processes « and g have the bound (99), since following (103) we

have

2 2 2 2
la"z"Z" 5 < la" 112" 1201 2"113,

la"z'z'Z' I3 < la" 11 2"113,
and similarly for the higher order derivatives. Therefore, (101) and (102) yield
B Z™ 13 ZoDY P = O(ets0 ™). (104)
We have by Jensens inequality, for |8| =n,

sup |[E[8),9(Z¢) | Zolllz < sup El85, g(Zo) |12 | Zol
Zo ZO

< sup /EL3, g(Z0) 113 | Zo]
Zo

sup /Elllg:Z:113 | Zol, n=1,
Zo

= Ysup \JEllgiz/ + g/ ZiZ}1131 Zo), n=2,
Zo
sup \/E[IIQQZQ” +209/Z{Z; + 9{'Z1Z1Z})5 | Zol, n=3,
0
which by (104) proves (98). [

Remark 5.2. We motivate assumption (97) by the behavior for the example of the
avoided conical intersection eigenvalues Ao(X) = ng\/m for X e R? or X e R! dis-
cussed in Section 4.2 and (54). Although maxyxcx ||A8(Xt)||2:0(8‘1), we assume the
near crossing is weak, that is, that [|A{(X) |2 < cs(dist(X, @)? + §?|)~'/2 for some constant
cs <1/logé~! and a codimension 2 set a C R*Y. Then the exponent in Gronwall’s inequal-
ity has the bound

T 1
/ 15Xl ds < C(T — t) + ¢ / <C(T - 1)+ ¢ V¢ logs™!
t 0

ds
Vc?s? 4 §2
provided the near crossing of potential surfaces is located away from the part of X
where |P| =0. Here we assume that the velocity through the avoided crossing domain
is bounded from below by ¢ > 0. Similarly, an assumption [|d%A5(X)|l2 < C(dist(X, a)* +
§2|)~Ul+1/2 gatisfies the last estimate in (97). O
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We will use the s-quantization and the notation
/ (®(X),0p°[h® (X)) dX = h(Z) w®(2z)dz
R3N R6N

for any smooth symbol h and the Wigner functions W= W%/? and W® defined in (15).

Lemma 5.3. Assume that h: R — C and f:R®Y — C can be written as h=h* ¢, and
f= fx¢, where ¢,(z) :=(27n) "3V e~#*/@» and that h and f have continuous second
derivatives with polynomial growth, that is, for some ne€ Z and m € Z and |«| < 2 there is
a constant C such that 8%h(z) < C(1 + |2|?>)™ and 3¢ f(2) < C(1 + |2|?>)" uniformly in z then
for every s € [0, 1]

/Rw(@(X),OpS[h(Z)f(Z)ICD(X)) dX| = sup |h(2) f(2)| + O,

zeR6N

uniformly in N. O

Proof. The proof to estimate the L?(R3") operator norm for a symbol r has three steps:
to determine a representation of the solution of [,y (®, Op°[r]l®) dX using the FBI trans-
form T, to calculate a Fourier multiplicator applied to r using the representation and
in the third step to verify that the product of two FBI transformed functions is the con-
volution of the Wigner function with a Gaussian.

1. We will use that the components of the Wigner function W= W%/? convolved
with the Gaussian ¢y-12 = (27 M~1/2) 3N g~ (X" +PMM'?/2 i5 the product of the FBI trans-

forms (76) of the components @; and @;
Wi * ¢p12(X, P) = T®;(X, P)TP;(X, P) (105)
as verified in Step 3. Consequently, the diagonal entries are non-negative
Wi * ur12(X, P) = |T®; (X, P)|* 2 0.

An s,-quantization remainder 7% can be related to a remainder # = Oplh] in the

Wigner quantization (with s =1/2) by
/ r(X,P)- W) (X, P)dXdP :f r¥ (X, P) - WY (x, P)dx dP,
R6N R6N

where for s, € [0, 1]
7S (X, P) = e—iM_l/z(S*—%)VX'VPr(X P)

which is proved in [32, Remark 2.7.3] and related to the expansion of the exponential
in (112).
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We will introduce the convolution with the Gaussian in the estimate of the

remainder using the Taylor expansion of the exponential

f (P, 7 P)dX = rs(X,P) - w2 (x, P)dXdP
R3N R6N

_ f Fro(Ex, &p) - FWV2) (6x, ) déx dép
RGN

= /Rw (Fou-12(Ex, p)) Fre¥ (Ex, ép)

CFWYD (Ex, Ep) Four12(Ex, Ep) dEx dép
:/ (X, P) - WY? & ¢ppr12(X, P)dX dP,
]RGN

where the function r* is defined by r* = F Y ((Four12(Ex, Ep)) L Fré(€x,Ep)}. Here we use
the notation r- W:= 3, r;jW;. The tensor product property (105) of W ¢p-12 implies

the matrix norm estimate

/ (P (X), 7 P(X))dX = (X, P) - WY? % ¢pp-12(X, P) dX dP
R3N

R6N

:f (T® (X, P),r*(X, P)T®(X, P)) dXdP
RSN
5/ 17X, P)|lo| T (X, P)|? dX dP

RGN

< sup ||r*<X,P)||zf |IT®(X, P)|*dXdP
(X,P)cR6V R8N

— sup ||r*<X,P)||zf (T*T®, ) dX

(X,P)EROV RSV
= sup ||T'*(X,P)||2f (@(X), P(X))dX (106)
(X,P)EROY RV

=1

using the L? identity T*T =1 in (77) for the FBI transform and the ¢? matrix norm
|r*(X, P)||2 (or the less sharp Frobenius norm).

2. We have Fr* = ele’M"*/2 gloxop,M™ Fr () The goal is to absorb this exponen-
tially growing pre-factor e/’ "/*/2 gloxwpM™2 in) Fp (7).

Consider first the case r =7 ¢,, then Fr* = glel”M™/%/2 ei‘”X'“’PM_l/zfqﬁ,, () Fr(w). We

have F¢,(w) =e I""/2 so that

2n7-1/2 2 2
gl M2 /2 g—lofn/2 _ g=lov/2 — T (4,
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where v=n—M"1Y2>0. The inverse Fourier transform of the pre-factor

elsox oM g () is

B B 20 2 . ~1/2 i x4 -
(2m) GNf g Vlxl® /2= viwpl*/ 2w wps M Hox xHop p q ) dop
RGN

1 2 2 1/2 1 SZ 3Nz
— e_m(lpl +|X| )eilp.XSM 21402 (27TU)_3N (1 + ZM) = ¢V:SI
V

so that r* =7 % ¢, 5. The estimate (106) implies then in the case r =7 x ¢,
/ (@(X), 7P (X))dX < sup [r*(2)]l2
R3N zeR6N

= sup [I7 * ¢, 5(2) | 2.
zeR6N

If 7 is uniformly bounded in C*(R5"), we have by the two moments [ey ¢,(2) dz=1 and
fgen 29y (2) dz= 0 that
r—r=0(®)

and by the properties [peon ¢v5(2) dz=1 and [pev 2¢,,5(2) dz= 0 we obtain
Tk d)v,s —r= 0(77)

so that
f (@(X), 7D (X)) dX = sup |[r(2)| + O©). (107)
]R3N

zeR6N

In the case r = (h qbn)(f * ¢,), we have similarly

@m) 2 | Fh)F fo — o) el 1/2-loma 2 glocosMEHol (@M gloz 4, gy,
RIZN
_ (27[)—121\1 ]-"fl(a)’)]-"f(a) — o) e—la)\zn/4—|w’—a)/2|2n eia)xwpsM’l/Z-i-la)lz/(2M’1/2) ez 4 dw
R12N
= (Zn)‘gNn‘3N f—l{]?ﬁ]:{f(w —IZ) e 1212/ (4 +iw 2 /2 GioyopsM™ 2 —viw?/2 gioz g, 4/
RIZN
g2\ "3N/2
=2an) N 2rv) 3V 1+
@2mn) N (2mv) 3T
=0N,.M
_ _ , . (zx—Z+2y)2)-(zp—2h+ 2y 2)sM—1/2
« hZ -2 f(—-2") e 1Z1/@n) g—lz—2'+2 /2 /(4v(9)) Gl T oTeTe d7 d7'
RIZN
= = i(zx+(wx+vx)/2) (Zpt+(wptvp)/2)siL/2
— UN,M/ h(v) f(w) e—\w—vlz/(‘ln) e—\Z+(w+v)/2|2/(4V(S)) e ZrsZm1 dv dw
RI12N
A 7 () () /21 (h0()) o
=0oNM h(z—v) f(z—w)e e e awZssZm ) dvdw
R12N

=: Q(hf)(2).
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We have by the Fourier transform

12 _ 2 i(wX-H)X)~(wp+up)sM’1/2
oNM e lw=vl?/4n) o=l(w+v)/2?/(4v(s) o 102 1s2m-T) dvdw=1
RIZN
2 2 i(wx+vx)-(u7p+uP)sM’1/2
v a2/ o=l /21 /@) o e T dy dw = 0
RI2N

2 _ P i(uzx+ux)-(wP+vp)sM_l/2
_/ w -1V o= lw0)/2P /@) o sz du dw = 0
RIZN

so that
|Q(hf)(2) — h(2) f(2)| = |Q(A(-) f(-) — h(2) f(2))]

= 2
<C Hﬂ
- 14 |z™

+ 1 f + IZIm)Iléz(Rezv)> v(s).

C2(R6V)
Similarly using the moments fRGN ¢,(2)dz=1 and fRGN z¢$,(z) dz=0 and the second deriva-
tives || AllZ: gov, + Il Fl22gev, < C We obtain

h2) f(2) — h(2) f(2) = O(n),

and we conclude that |Q(hf)(2) — h(2) f(2)| = O(n) which combined with (106), as in (107),
proves the theorem.
3. This step verifies (105) following the proof of [24, Proposition 1]. We have

Wi * pp-12(X, P)

= (T M"? x 2nM—1/2)—3Nf Mg (g Ygpr (x4 X
J
RoN 2 2

x e~ (X=XP+P-P' )M gy g% 4 p’

_ (an/Z)—BN/Z(Zn,M—I/Z)—?,N/ eiMl/zY-P(pi (X/ _ g) q);‘f (X’ + ;)
R6N

x e (XXM gy g x',

The change of variables X' — Y/2 =v and X' + Y/2 = w implies
1/2

5 (v - X2 4w — X|%)

1
M'/? <|X— X'1*+ —|Y|2> =
4
and we conclude that the Wigner function and the FBI transform have the relation
Wij * dpr12(X, P) = (21/3n)3N/4M9N/8f eiMl/Z(vayP efIX*”‘le/z/Zéi(v) dv

RBN

% (21/37_[)—3N/4M9N/8/ e—iMl/z(X—w)-P e—|X—w|2M1/2/2(p;§(w) dw
R3N

=T®;(X, P)(TP;(X, P))*.
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Lemma 5.4. Assume that r: R — C is smooth and for each ne N and |¢| <nthere is a
constant C, such that supy gsv wa |0$r(X, P)|dP < Cy, then there is a constant C such
that

f (<P(X),Ops[r]<;b(X))dX‘§C sup Cp. (108)
R3N n<3N+3

If for |a| < n there is a constant C, such that sup,gev [327(2)| < C,8™O D then there

is a constant C such that

/ (®(X), 0p’[rld (X)) dX
R3N

<C (sup Ir(2)| + M~ 1/457 1 NY2 sup Cn> . (109)
zeR6N n<CN 0

Proof. A proof if this is given, for example, in [51, Theorem 4.21] and presented here
for completeness.

The s-symbol r has the integral kernel

1 v 2
N 1 (X-Y)-P _
K(X,Y)= (2nM1/2> ‘/Rwe r((1 —s)X+sY,P)dP
so that
Op’lrl® (X) :/ KX, V)®o(Y)dY
R3N
and

10P°[r1® (X) 1132 gow, = / K(Z, VK (Z, X)P (V)P (X)dXdYdZ
ROV
1
§§f K(Z, DIKZ, X)(2(D)* +|2(X)|*)dXdvdZ.  (110)
RON
Here

f K(Z, V)IIK(Z,X)||®(Y))*dXdydZ
RON

< sup (/ IK(Z,Y)IIK(Z,X)IdXdZ>f |®(V)|*dY
R6N R3NV

YeR3V

=1

< sup fRsN|K(Z,Y)|dz sup A-W|K(Z,X)|dX (111)

YeR3N ZeR3N

and similarly for the term with ¥ and X replaced. We have

KX, Y)=M"*)VFUr((1 - )X +sY, (X — Y)M'/?)
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and

/ IK(X, V)| dX
R3N

=f |IFHr((1 — )X’ M2 + sy, )}(X)| dX’
R3N

1
= 1+ | X PV Y FHUr1 =) XM Y2 +sY, )W X)) ——— dX’
st( + | X' MWFH{r(( ) + )}( )|1+|X/|3N+1

1
— FHA 4+ ACNTD2yp(1 — ) X' M2 + 57, N X)) | —————— d X
[ 1P+ AR = )X M Y, 91 GO g

1
< f_l 1 A(3N+1)/2 1 _ X/M—I/Z Y’. X/ oo/ — dX/
< IFHA + A )r((1 —s) + sY, )} XD lz on 14 | X PV

<C sup/ (1 + ASYV 2y, P)|dP,
RSN

Y/
where A. means the Laplacian with respect to the second variable in r. The func-
tion r satisfies supy . gsv fRSN |0¢r(Y’, P)|dP < C, which together with (110) and (111)
proves (108).

In the case sup,|d2r(z)| <C,57*, [51, Theorem 5.1] applied to the symbol r
proves (109). [ |

Lemma 5.5. The composition C = AB of two Fourier integral operators, with smooth
symbols A(X) and B(X, P) in the Schwartz space, has the Weyl symbol

AM V2 Y (—0x,
C(X, P) — e2 Zk( Xk Pk)A(X)B(X/’ P/)|(X’P):(X’,P/)

im-1/2)n n a2
=Zz—( Vx - Vp)"AX)B(X', P') + M%/%r, (112)
n=0 (X,P)Z(X’,P’)

The remainder r, is smooth and if B(Xy, Py) = Elg o S;(-) | Xo, Pol * ¢,,(Xo, Po), and A(Xp) =

A x ¢,(Xo) the remainder satisfies

(@, 7,®@) dX = O(efi572). (113)
R3N

If AecC>®(R8) and B € C*(R%Y) are in the Schwartz Space, there holds
C(X, P) — e%M‘l/Z Zk(aPkaX;cfanaPI/c)A(X, P)B(X/, P,)|(X'P):(X’,P/)

(IM—I/Z)n
= Z (Vp - Vx — Vx - Vp)"AX, P)B(X', P')
(X,P)=(X",P’)

+ MO 2y (114)
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where for B(Xo, Po) = Elg o Si(-) | Xo, Pol * ¢,(Xo, Po) and A(Xo, Po) = A ¢, (Xo, Po)
fRBN(cp,fmcp) dx = O(@efls™™), (115)

for A(X) =VV(X) — Vi, % $,(X) and B(Xo, Po) = 3pEIg o S(-) | Xo, Pol * ¢ (Xo, Po)
/Rw(cb,flqm dx = O(ets™), (116)

and for A(Z) = H,(Z) and B(Z) = 2[01 G (SH,(Z) + (1 —s)E)(1 —s)ds

/ (@, 7)) dX = O@Efls™). (117)
R3N

Proof. The proof has five steps. The first step uses the definition of the Weyl quantiza-
tion to define an integral kernel for the product € = AB following Hérmander's work [22].
The next step formulates the Moyal expansion and identifies the remainder as an aver-
age of s-quantizations (16), which proves (112). The third step writes the s-quantized
remainder as a Wigner quantization (with s =1/2) and estimates the remainder, using
that the product of two FBI transformed functions is the convolution of the Wigner
function with a Gaussian. Step 4 proves (114) and (115). Step 5 proves (117).
1. To verify (112), we start with the definition of the Weyl operator

X+Y

écp()o:(an—l/z)—?’N/ C(
\—T_J RGN

=Y

, P) M *X-VPpyydy dP.

The L? inner product

/ é(D()OU/*(X)dX:y/ c(
R3N RN

=/ Cx(X, V@ (V)¥*(X)dY dX
RSN

X+Y

, P) M X-V-P g yyy*(X)dP dY dX

defines the kernel

CK(XIY):)//

X+Y .
C ( + ,P) e M*(X-Y)-P qp (118)
RSN

2

and the inverse Fourier transform implies

A Z\ _in
C(U,P):/ CK<U+E,U—E>e_1M/ZZ'PdZ. (119)
RC’;N
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Our examples have A independent of P, that is, A(X, P) = A(X), and the kernel of the
composition AB becomes a multiplication

X+Y
2

Cx(X,Y)=y / A(X)B ( ,P’) e!M'*(X=YV)P' g p’
R3V

The definition C = AB and (119) yields

C(U,P)= (2nM—1/2)—3Nf

VA N
A (U + —) B(U,P + P)eM"*P 24z 43p’
ow 2

— (nM—I/Z)—SN/ AU + Z/)B(U, P+ P/) eziMWP’.z’ dz' dpP'.
R6N

The final step in Hormander’'s derivation uses the standard Fourier transforms
F(f) = f of a Schwartz function f(X, P) and of e™”**? combined with LZ(R®") Fourier
transform isometry and Taylor expansion function of the exponential. Here we modify
this by identifying the remainder in the Moyal expansion for f(X+ X', P + P’):= A(X +
X')B(X, P + P’) as an s-quantization (16).

2. We use in this step the Fourier transform Fp in the P-direction defined for
f(Xo, Po) €R by

Folf1(Xo, 0= [ fio )¢ de.
R3N
The remainder is based on a Taylor expansion of the exponential function as follows:

f(X+ X/, P + P/) e2iM1/2X’~P’ dx/ dP/
R6N

1 6N T 3N i —1/2
- (E> («/TJ) /RGN F f(Ex, Ep) e 2M Toxtr dgy dép
1\ / = \* " —itx - Ep\" 1
_ (§> (ﬁ[) fR | Ffxtn) (; (—2 S ) -

—i . m+l 1 1 is pp—1/2
+ (ﬁ) ml / (1 —s)me M “oxtr ds ) dex dép
m! 0

2M1/2
3N [/ m . n
™ ) 5 1 (—1VX-VP> ;
(\/ﬁ (nzo n \ 2M1/2
1 m+1 1 ) . RPNV (1 _ S)m
+ (ZMI/Z) fo RGN‘F((_IVX'VP) —Hf)(ngéP)e z sxk mdéXd_SP ds
T\ (e~ 1 [(—iVx-Vp\" 1\t , -
:<M1/2) <;ﬁ( 2M1/2 ) f(XIP)+<W) /0 R3pr((—lVX'Vp)

1 —s)m
x f(X+-P+") (2;?;/2 ,5P> ((271)3;’)m! dép ds> . (120)
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The remainder term can be written as follows:

1

e 3 m+1 sép
(za) [ [ reisn o g p o (Gt

1 m+1 1 . SSP
=(—— —iVx - Vp)" T f( X+ =2, P+ P
(ga) [ [ v vt (x4 gt P+ #)

I/P(]._S)m /
ePS mdp d:‘;:PdS

1 m+1

where 1y, is smooth since f is a Schwartz function. The change of variables P + P’ = P”

(1—-s)™
2y L6 ds

X

and (118) shows that kernel of the remainder becomes

! _ X+Y s )
rmi(X,Y)=y / (—=iVyx - Vp)™! f( + 5 P/)
0 RQN

2 2M1/2'
M2 (x—v)P _i(p'—Pye, 1 — " "
X € e P — —— dP"dépdPds
(27)3Nm|
! X+Y s(X— . (1—gs)m
=y / (_ivX . vp)m+1f + + S( Y) , P’ elMl/z(X*Y)'P ( S) dP’ds
0 R3N 2 2 m!
! _ X+Y s(X-Y) (1—-s)™
=Vf fP{(—IVX‘VP)me}( 5 + 5 ,Ml/Z(X—Y)) Tds-
0 .

We note that the kernel A% (X, Y) for any symbols A in the s,-quantization (16) is
A (X, V) =y / AX +5.(Y — X), P)eM X DP qp
R3N

=y Fp{A)(X +5.(Y — X), M"*(X - Y))

=y Fp{A) (XZLY + %(Y— X), M'*(X - Y))

for s, = (1 — s)/2. Consequently, we have

1 1 —s)™
f (D, P @) dX:/ (Vx - Vp)™ (X, PYWS) (X, P) dXdP% ds (121)
R3N 0 R6N .
and the next step shows the final bound
f (@, 7,@) dX = O€CT572). (122)
R3N

3. It remains to estimate the remainder for r=r, in (122). Lemmas 5.1 and 5.3

imply that we have

sup [[r*(X,P)[z<C sup [[ra(X, P)lloc + On) =0(e“767?),
(X,P)eREN (X,P)eREV

uniformly in N, which proves (122).
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4. The general case C = AB of two Fourier integral operators, with smooth sym-
bols A, B € C*(R®") in the Schwartz space yields

C(U,P):yzf A(U+Z +z
RIZN 2 4:
T
4

U+ 27
R12N 2

U+Z T .
,P”) B ( er -7 P’) M *F qp”"dp' dZ dT
T
4

U+2Z -
,P”) B ( er — ,P/> eM*F qp”dp'dZ dT,
where
T 1’ T /
F = U—Z-{-E - P" + Z_U_I_E P —-T.P

T p T /
=<U—Z+E>-(P —P)+<Z—U+§)~(P — P).

The change of variables (P"—P,P'—P,(Z-U+ 1)/2,(Z—U —1)/2) replacing
(P”,P’,Z,T) has the Jacobian 2%V and implies

C(U,P)= (nM—l/Z)—GN/ AU+ Z,P+ P

R12N

x BU+T, P+ P)eM"*P2-TP") 47 4p" 4T dP'.
The same expansion as in (120) shows that
igr-1/2 _ ,
C(x, Py=e™ " 2O A(x, PYB(X', Pl cx,pyt, )

= Z Zn—n'(vp -Vx —Vx-Vp)"A(X, P)B(X', P")
—0 *

(X,P)=(X",P)

+ Mf(m+1)/2rm
based on the representation

f(X+ X/, P + P/’X+ X//’ P + P//) eZiMl/z(X’-P’—X”-P”) dX/ dP/ dx// dP//
RN

T sy S 1 ] m+1 ! / 1/ 17
= (g) (2 @V Vo = Vi - Ve fX 4+ X', P+ P, X+ X', P+ P")

X'=X"=0
P'=P"=0

1 m+1
! . 1 S&p
i ::/ f i(Vxr - Vp — Vx - VP,,)m+ flX+
0 RIZN

’ SéP" 1
W’P+P,X_— P+P>

2M1/2’

i(P'-&pr—P"-Epn) (1 _S)m d /d d //d d
X e m P SP/ P SP// S.



Computational Error Estimates for Molecular Dynamics 77
The kernel for m = 1 becomes

1
rnxX,¥Y)=y / Fpp{(i(Vxr - Vpr — Vo - Vpi)? f}
0

X+Y sX-YV) ., X+Y s(X-Y)
X( 2 oz MK

MY (X — Y)) (1—-s)ds
and as in (121) we obtain

f (D, mP)dX

RBN

1
= / (Vx - Vp —Vx -Vp )2 f(X+X,P+P ,X+X',P+ P
0 JRoN

X'=X"=P'=P"=0

x W) (X, P)dXdP(1 — s)ds.

We apply this to the special case C(X,P)=H,(X,P)B(X,P) where B(Z)=
Elg o Si(-) | Xo, Pol * ¢,(Z) is a Schwartz function. Then we have f(X', P/, X", P")=
H,(X',P)B(X",P") and for B =0pE[go Sr(-)| Xo, Pol * ¢,,(X, P). Lemma 5.3 yields as in
Step 3 the bound

f (@, 7 ®)dX = O@ECTs™).
R3N

5.If A=H, and B(Z) = 2f01 Gup(SH,(Z) + (1 — s)E)(1 — s) ds the symbol D := AB

is a smooth product of two convolutions, by (38), and D(Z) tends to zero fast for large
|Z|. We obtain as in Step 3

f (@, 7 @) dX = O@ECTs™). n
R3N

Appendix 1. Fourier Integral WKB States Including Caustics
A.1 A preparatory example with the simplest caustic

As an example of a caustic, we study first the simplest example of a fold caustic based

on the Airy function A : R — R which solves
— 0xxA(X) + xA(x) =0. (A.1)

The scaled Airy function

wx) =C A(M3x)
solves the Schrodinger equation

- %E&XU(X) + xu(x) =0, (A.2)
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Fig. Al. The Airy function.

for any constant C. In our context, an important property of the Airy function is the fact

that it is the inverse Fourier transform of the function
Ap=/2 675,
T

1 .
A(x) = — / Pt /3) qp, (A.3)
T JR

that is,

In the next section, we will consider a general Schréodinger equation and determine a
WKB Fourier integral corresponding to (A.3) for the Airy function; as an introduction to
the general case we show how the derive (A.3): by taking the Fourier transform of the

ordinary differential equation (A.1)
0= f (—8xx + 0AX)E P dx = (p* +id,)A(p), (A.4)
R

we obtain an ordinary differential equation for the Fourier transform A(p) with the solu-
tion A( p) = Ceipg, for any constant C. Then, by differentiation, it is clear that the scaled
Airy function u solves (A.2). Furthermore, the stationary phase method, cf. Appendix 2,

shows that to the leading order uis approximated by
wx) >~ C(—xM®) V4 cos(MV?(—x)%? —n/4) forx<0, (A.5)

and w(x) ~0 to any order (i.e., O(M~X) for any positive K) when x > 0. The behavior of

the Airy function is illustrated in Figure Al.
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A.1.1 Molecular dynamics for the Airy function
The eikonal equation corresponding to (A.2) is

PP +x=0
with solutions for x < 0, which leads to the phase
p=0'(x)=+(-x"? and 0(x) =Fi(-x°% (A.6)

We have the Legendre transform

0" (p) =min(yp — 6(y))

with the solution p=6'(y). Consequently, we obtain by (A.6) that x= y and

3

2
0"(p)=xp—6() =—P'p+ P =—1.

We note that this solution is also obtained from the eikonal equation
P+ 30" (p) =0,
which is solved by
6*(p)=—p°/3.

Thus, we recover the relation for the Legendre transform —xp + 6*(p) = —0(x).

A.2 A general Fourier integral ansatz

In order to treat a more general case with a caustic of the dimension d, we use the

Fourier integral ansatz

®(X) = / $(X) e MIPOXXE) gp (A.7)

]Rd
where
¢(X)eC’,
X=(X,X)eR¥N, p=(P, P)ecRY,

d N

X P:ZXJPJ, X P= X/ PJ,

1 j=d+1
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based on the Legendre transform relationships (cf. [11])

0*(X, P)=min(X - P — 6(X, X)),
X

(X, X) =min(X - P — 6*(X, P)).
P

If the function 6*(X, P) is not defined for all P € R, but only for P € ¢/ c R% we replace
the integral over R? by integration over ¢ using a smooth cut-off function x(P). The
cut-off function is zero outside &/ and equal to one in a large part of the interior of .
The ansatz (A.7) is inspired by Maslov’s work [34], although it is not the same since our

amplitude function ¢ depends on (X, X) but not on P.

A.2.1 Making the ansatz for a Schrodinger solution

In this section, we construct a solution to the Schréodinger equation from the ansatz (A.7).
The constructed solution will be an actual solution and not only an asymptotic solution
as in [34]. We consider first the case when the integration is over R? and then conclude
in Remark A.2 that the cut-off function X(15) can be included in all integrals without
changing the property of the Fourier integral ansatz being a solution in the X-domain
where X = vf,e*(f(, P) for some P satisfying x(P)=1.

The requirement to be a solution means that there should hold
0=(H - E)®
1 . 1 . e B

= / ) <§|V;}9*(X, B)2+ ZIPIP + To(X) - E) $(X)e M IOXXD g p

R

.1 1
- / IM V% (Vi Vi0* — Vi P+ —¢pA 0" | — (V- Vo) + —— Axo
R4 2 2M
x e MPOXEP) qp. (A.8)

Comparing this expression to the previously discussed case of a single WKB-mode, we
see that the zero-order term is now A;6* instead of Ax6 and that we have —V;¢ - p
instead of V3¢ - V0. However, the main difference is that the first integral is not zero
(only the leading order term of its stationary phase expansion is zero, cf. (A.19)). There-
fore, the first integral contributes to the second integral. The goal is now to determine a
function F()A(, }v(, 15) satisfying

1 1. . o
f (EIV;(Q*F + §|P|2 + Vo (X) - E) e IMPOXXP) qp
Rd
=iM 2 F(}?, }V(, 15) efiMl/z(a()?,)?,ﬁ) d15, o)
]Rd

and verify that it is bounded.



Computational Error Estimates for Molecular Dynamics 81

Lemma A.1. There holds F = Fy + F; where

]. X/ Ty *0 P
FO:EZaX&jVO(Vﬁe (P))d3, 60" (P),
ij

1 1
Fr=ib 2 [ [ - 030050505 Vo V0" (P)
0 0 Rdi,j,k

+ 5186 (P))d 5, V6" (P dtds. 0

Proof. The function 6*(X, P) is defined as a solution to the Hamilton-Jacobi (eikonal)

equation

1IV0* (X, P)I? + 1P + Vo(X, V30" (X, P)) —E =0 (A.10)
for all (X, P). Consequently, the integral on the left-hand side of (A.9) is
f (Vo(R, X)) — Vo(X, V36%(X, B)) e M "X P-0"XP) g B,
Ra

Let Py(X) be any solution to the stationary phase equation X = vﬁe*(f(, Po) and introduce

the notation

©'(X,X,P):=V30*(X, By) - P — 0*(X, P).

Then by writing a difference as V(y1) — V() = fol V(e +t(yi — ) dt- (;1 — y2), iden-

tifying a derivative d; and integrating by parts the integral can be written as follows:
(Vo(X, V6% (X, By)) — Vo(X, V56*(X, B))) e MO XXP) g p
R4
1
:/ / Zajﬁ Vo(V30*(P) + tIV30*(Py) — V36*(P)])
0 Rd i
x (aﬁie*(ﬁo) - aﬁie*(ﬁ)) e MO XP) 4B gy
1 Ay oy 5 v
=i / / Y 05 Vo(V50"(P) + V307 (Bo) — V07" (P))dze ™M O XX qp dy
0 JrRT '
1 e
=i f f Y 0505 Vo(V507 (P) + tIV 50 (Bo) — V0% (B)]) e MO XXP g B g,
0o Jre T
Therefore, the leading order term in F =: Fy + F; is
1 v v
Fo ;:/ D (1= D53 Vo (V50" (P))ds, 50" (P) dt

1 . .
=5 2 A Vo(V507(P)35 56" (P).
iJ
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Denoting 89*(15) = Vﬁe*(ﬁo) - Vﬁe*(ﬁ), the remainder becomes

1
— iM—l/Z/ / D 0555 Vo (V50" (P)) — 055 Vo (V507 (P) + 186*(P))]
0 R4 ij
x (1 — 1), 5:0%(P) e MO XXP) qp gy
1 1
:iM—l/Z/ / / Zt(l — )51 73 Vo(V 0" (P) + st80* (P))d3; 5:0™ (P)
0 0 R4 ijk
x (25:0%(Bp) — 0507 (P)) e MO XXP) q P dt ds

1 !t . . .

z_ﬁ/ f / D (1 — 09505155 Vo(V 50" (P) + st86*(P))dj5,5:0" (P)]
0 0 Rd ik

5 e_iMl/z(.)/(f(,)}Js) d]5 dt dS,

hence the function F; is purely imaginary and small
1,1 5 5 5
Fi = iM‘l/zf f f Dt = )9 5l05i 25 Vo (V 07 (P) + 586" (P))d s V56" (P)] dt ds
0 0 ]Rd i,j,k

and

2ReF =) 55 Vo(V50" (P))s, 560" (P). (A.11)
ij
|

The eikonal equation (A.10) and the requirement that (fI — E)® =01in (A.8) then
imply that

0= /l%d |:iM1/2 (V}A{QS . VXQ* _ V}v{qﬁ . P + %(ZS(A}A{Q* _2F(X, P’)))

1 2% B o
~(V =T+ o AX¢} g IMPOXXP) P (A.12)

The Hamilton—-Jacobi eikonal equation (A.10), in the primal variable ()A( , 15) with the cor-

responding dual variable (P, X), can be solved locally by the characteristics

X=P,

P=-Vi (X, X),

S . (A.13)
X=-P,

v

P=ViV(X, X),
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using the definition

The characteristics give
d . .
_t¢_VA¢.VAg — V¢ - P,

so that the Schrodinger transport equation becomes, as in (47),

G 2M
and for ¢ = G¢
12 G ¥
V2w, = (v — - — Ax— A.l
My =V - TVo)y X e (A.15)
with the complex-valued weight function G defined by
d 1 A v A v
a_log Gt:EA)A(Q*(Xt’ Pt)—F(Xt, Pt) (A16)

This transport equation is of the same form as the transport equation for a single WKB-
mode, with a modification of the weight function G.

Differentiation of the second equation in the Hamiltonian system (A.13) implies
that the first variation 815,; / 85(0 satisfies

d (b Oxi 5 Vo (X, X1)0 9*(15)815tk
= v = xixi V0 ' pjp —~
dt\ok,) 4z ¥ CREE T Xy

which by the Liouville formula (A.18) and the equality
2Re F = Z 05i 5 Voaf,jpi@* =Tr Z Oxi i Voalsj};;ﬁ*
iJj J
in (A.11) yields the relation,

9P
det vt
Xy

ot ’
e 2fReFdl _

, (A.17)

for the constant C :=|det %L
0
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Remark A.2. The conclusion in this section holds also when all integrals over dP

in R? are replaced by integrals with the measure x(P)dP. Then there holds 2Re F =

A.2.2 Liouville’s formula

Here we state Liouville's formula

Go _

G

9(Xo)

—, (A.18)
9(X¢)

e Jo Tr(VP(X)dt _ 'det

given in [34].

Appendix 2. The Stationary Phase Expansion

Consider the phase function X-P —6*X, P) and let Py(X) be any solution to the sta-
tionary phase equation X = Vﬁe*(f(, Py). We rewrite the phase function

v

1
X -P—-0"(X,P)=X-Py—0"(X, Py) +(P — Pp) - / (1 —t)dppb*(Py + t[P — Pol) dt[P — Pol.
0

=0(X,X)

The relation
1 - v v v 1 -~ 5 v v v
EY— dppd(Py)Y=(P — Py) - / (1 —t)0pph(Py + tIP — Py)) dt[P — Pyl
0

defines the function Y(ﬁ), and its inverse 15(Y), so that the phase is a quadratic function

in Y. The stationary phase expansion of an integral takes the form, see [51],

f w(P) e MPXE0XE) gp
Rd

1/2

det 2 (Pv 0) &l 558n(8pp0" (Po)) o—iM'/26(X,X; Py)

~ Z (an—l/Z)d/z

{Po:V 56* (Py)=X)

k

X M2 , . . (P
X kX; T ;l(aplpje*)_l(})o)aylyj (w(P(XG) ‘det % ) (A.19)
— WJ Y=0

Appendix 3. An Alternative Motivation for Assumption (26)

The double average (26) in time and phase-space is in Monte Carlo methods approx-
imated by sampling several paths with random initial points (X, Py). For a single

path, one expects O(T~!/?) convergence rate, in the case of bounded correlation times.
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Fig. A2, Ergodicity test results for Born—-Oppenheimer molecular dynamics simulations.

Many paths correspond in some sense to longer averaging time for a single path and
one may ask how long. This answer is related to how the dynamics maps an initial
phase-space neighborhood D to Sr/2(D). The exponential eCT growth of the first vari-
ation |03 g o Sr(Xo, Po)|, for |a| =1, implies that an initial domain D, on the constant
energy hyper-surface F :={(X, P) | Hy(X, P) = constant}, is stretched but mapped to the
bounded energy surface F. If the dynamics is ergodic, the sampling density becomes
uniform on this energy hyper-surface, asymptotically in time. Paths that are very close
are not acting as independent samples for finite T. The assumption (26) means that the
exponential growth of the first variation measures how small the initial distance, e CT/2,
of the paths can be in order to lead to approximately independent paths after time T'/2.
The paths that are initially e~CT/2 close will after time T/2 have a distance of order 1. The
remaining T/2 time this (’)(eéT/ 2) number of paths would act as approximately indepen-
dent samples (over time T/2), as tested in Figure A2, and would give the expected decay

—CT/4

e , if the Lyapunov exponent is positive in only one direction, d=1. If d Lyapunov

exponents are similar to the maximal, we expect the decay e=CTd/4,

Figure A2 tests ergodicity for Born-Oppenheimer molecular dynamics sim-
ulations with the potential As(X)=X?/2+ X%/+/2 +2sin(X;X,) and the double
average over time and N initial points {(Xolnl, Polnl) = (0,0, /2(E — As(0)) cos(1.2 +
nAv), v2(E — 15(0)) sin(1.2 + nAv)}] | in (26). The vertical axis shows the sampling error
anl Z fT/Z (9(Xt) — gup)(Xolnl, Poln]) dt/N and the horizontal axis shows the number of
samples N for the symplectic Euler method. The convergence rate O(N~!/?) for Av=10"°
(left figure) and Av =10"1° (middle figure) indicate independent sample paths while the
closer paths with Av=10"'* in (right figure) are not acting independently since the
convergence is slower. The maximal Lyapunov exponent is in this case computed to be

roughly 0.35 (the others are (—0.35, 0, 0)), so that the expansion of the path distance from
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~-1/2

time zero to time 70 becomes e°3%*70 ~ 10!° and the approximate N~!/2 convergence rate

for Av> 10710 indicates that y ~ 1/4 as suggested in the paragraph following (26). Here
T =140, At=0.01, E =1.5, g(X) =sin(X; X,). The ergodic limit gyp is approximated in
two different ways: by a single symplectic Euler path to —0.4389 and by the Monte Carlo
samples (93) to —0.4388. The dashed line shows N~1/2,
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